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REPORT  OF  A MEETING  ON  FUNDAMENTALS  OF  COHESION, 

ADSORPTION  AND  THE  STRENGTH  OF  MATERIAL  INFERFACES 
A.  G.  Evans,  J.  P.  Hirth  and  J.  R.  Rice 

ABSTRACT 

A 2k  day  conference  on  the  title  subject  was  held  during 
the  July  1978  meeting  of  the  MRC.  The  17  presentations  were 
divided  among  three  sessions  with  the  following  titles: 

(i)  Atomistic  calculations  of  cohesive  properties  of  lattices 
and  interfaces;  (ii)  Adsorption,  cohesion  of  interfaces,  and 
fracture  processes;  and  (iii)  Diffusive  processes  of  grain 
boundary  cavitation  at  elevated  temperatures.  The  full  meeting 
report  includes  the  program,  list  of  participants,  and  a summary 
of  important  points  drawn  from  the  presentations , together  with 
a list  of  research  needs. 
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INTRODUCTION 

A meeting  on  the  title  subject  was  held  during  the  July 
1978  MRC  meeting.  Presentations  were  divided  into  sessions  on: 

I.  Atomistic  calculations  of  cohesive  properties  of 
lattices  and  interfaces; 

II.  Adsorption,  cohesion  of  interfaces,  and  fracture  pro- 
cesses; and 

III.  Diffusive  processes  of  grain  boundary  cavitation  at 
elevated  temperature. 

The  list  of  participants  (in  addition  to  MRC  members) 
and  the  meeting  program  are  attached  as  Appendices . In  the 
following  three  sections  we  list  important  points  that  emerged 
from  presentations  in  each  of  the  three  areas,  and  also  list 
some  research  needs  in  each  area. 

I . Atomistic  Calculations  of  Cohesive  Properties  of 
Lattices  and  Interfaces 

A.  Important  Points 

1.  It  was  clear  that  there  has  been  considerable 
recent  progress  in  the  development  of  pair  potentials.  In 
addition  to  van  der  Waals,  ionic  and  covalent  materials,  where 


such  potentials  are  fairly  accurate  representations  of  solids, 
more  realistic  potentials  are  emerging  for  simple  metals  using 
ion-core  interaction  potentials  together  with  a pseudopotential 
representation  of  electron  screening  (discussed  by  Ashcroft) . 
Also,  for  transition  metals,  a renormalized  electron  approach 
(developed  by  Ehrenreich  and  co-workers)  can  be  used  to  obtain 
first-principles,  energy-displacement  curves  for  a strained 
solid,  and  the  energy  relation  then  can  be  inverted  to  define  a 
pair  potential  of  the  same  range  as  the  energy  relation.  Indeed, 
given  any  energy  displacement  relation,  this  inversion  technique 
can  be  used  to  generate  a pair-potential.  In  this  method, 
volume  dependence  is  automatically  included  but  any  oscillations 
of  the  pseudopotential  type  are  averaged  out.  The  extent  of 
applicability  of  such  potentials  remains  largely  to  be  explored. 

2.  Reliable  first-principle  calculations  in  terms 
of  density  functional  theory  (discussed  by  Kohn)  are  available 
for  surface  energies  of  free  surfaces  and  internal  interfaces 
(grain  boundaries  and  stacking  faults) . 

3.  There  has  been  some  progress,  which  is  continu- 
ing, in  development  of  pair  potentials.  Users  of  such  potentials 
for  atomic  calculations  should  be  aware  that  pair-potentials 
which  reflect  to  some  extent  first-principle  relations  are  now 
becoming  available.  For  complex  configurations  such  as  the  cores 
of  dislocations  and  crack  tips,  it  seems  likely  that  further 
developments  involving  directional  pair  interactions  (bond 
angles)  may  be  required  for  a realistic  representation.  Indeed, 
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the  latter  interactions  would  be  required  to  accurately  match 
the  elastic  constants  for  materials  such  as  metals  where  there 
are  large  deviations  from  a fit  to  the  Cauchy  conditions  that 
hold  for  all  purely  radial  pairwise  potentials.  As  an  interim 
position,  the  use  of  some  of  the  more  recent  pair-potentials  for 
computations  of  defects  such  as  vacancies,  dislocations  and  grain 
boundaries , where  the  change  in  density  from  a perfect  lattice  is 
not  dramatic,  is  a fair  approximation  of  reality.  Unless  modi- 
fied to  match  surface  properties  and  to  include  large-scale 
volume  change  dependence  and  directional  bonding  effects,  however, 
the  use  of  such  potentials  for  problems  such  as  crack-tips  and 
voids,  where  free  surfaces  are  present,  is  probably  a poor 
approximation . 

4.  The  time  is  past  for  use  of  simple  spline  fit 
potentials  such  as  the  Johnson  potential.  Work  over  the  past 
decade  using  such  potentials  has  provided  valuable  guidelines 

on  the  characterization  and  motion  of  defects  in  solids.  However, 
a correlation  of  behavior  with  real  crystals  is  now  needed  and 
the  newer  potentials  should  be  used  which  are  based  on  first- 
principle  calculations. 

5.  Classes  of  behavior  of  materials  can  be  estab- 
lished independently  of  the  accuracy  of  the  pair  potential  used. 
Results  showing  atomic  symmetries  at  grain  boundaries  (Vitek) , 
the  presence  of  a lattice  trapping  barrier  (Thomson)  and  the 
pressure  of  lattice  instabilities  at  fixed  strains  (Milstein) 
are  examples.  Milstein  illustrated  that  modest  strains  (of  the 


order  of  twenty  percent)  can  change  on  fee  configuration  to  a 
bcc  configuration:  other  crystal  structures  can  be  formed 
similarly.  As  pointed  out  by  Drucker,  these  strains  represent 
upper  bounds,  independent  of  potential,  that  can  be  sustained 
in  a stable  manner  by  a given  crystal  structure.  Further, 
Milstein's  calculations  based  on  a Morse  potential  showed  that 
instabilities  can  occur  much  earlier,  e.g.,  at  shear  angles  on 
the  order  of  8°.  Thus,  in  considering  large  strains  at  a crack 
tip,  near  a boundary,  or  in  a uniformly  strained  region,  the 
possibility  of  a stress  induced  transformation  should  not  be 
overlooked,  and  it  is  important  that  artificial  geometric  con- 
straints not  be  imposed  on  the  calculation. 

B.  Needed  Research 

1.  For  problems  such  as  the  atomic  simulation  of 
cracks  and  voids  involving  free  surfaces,  it  was  suggested  that 
a dual  pair  potential  approach  be  used.  One  potential  would  be 
developed  as  usual  for  the  bulk,  while  another  would  be  used 
for  the  surface  region,  with  the  latter  matched  to  appropriate 
surface  properties  such  as  the  surface  energy  calculations  men- 
tioned above.  A prototype  of  such  an  approach  is  the  treatment 
of  adsorption  of  Group  IV  species  on  metals  by  a combination  of 
molecular  orbital  models  for  surface  bonds  with  pseudopotential 
for  the  underlying  metal. 

2.  Different  paths  of  decohesion  of  a solid  along 
an  internal  interface  can  be  imagined.  One  of  these  if  the  hypo 
thetical  separation  of  rigid  bulk  phases  in  a path  normal  to  the 


interface.  The  appropriate  force  constant  for  small  displace- 
ments is  determined  from  a weighted  average  of  phonon  frequencies* 
instead  of  the  elastic  constant  appropriate  to  a tensile  extension 
of  both  bulk  and  interface.  Phonon  dispersion  data  are  needed  for 
such  displacements  and  are  also  important  in  determining  the  sur- 


face pair  potential  mentioned  above. 

3.  Given  that  all  pair  potentials  are  perforce  to 
some  extent  approximate , they  should  be  matched  to  as  many 
parameters  as  possible,  including  those  sensitive  to  both  long- 
range  and  short-range  atomic  interactions.  These  include 
parameters  such  as  elastic  constants  (second  and  higher  order) , 
phonon  frequency  spectra  (in  both  unstressed  and  stressed  states) , 
cohesive  energy,  free  surface  energy,  stacking  fault  energy, 
defect  formation  and  motion  energies,  and  pressure  dependence 

of  junction  tunneling  and  both  Raman  and  infrared  absorption. 

This  extensive  matching  is  particularly  important  for  those 
potentials  which  are  generated  empirically. 

4.  All  atomic  calculations  to  date  on  dislocations, 
crack  tips  and  grain  boundaries  have  been  two-dimensional  in  the 
sense  of  considering  planar  boundaries  and  straight  dislocations 
or  crack  tips  with  periodic  boundary  conditions  imposed  in  the 
direction  of  the  line,  and  most  of  these  have  been  at  0°K. 

Valuable  information  has  been  obtained,  for  example,  on  the 
Peierls  potential  barrier  to  dislocation  motion  and  the  lattice 
trapping  barrier  to  crack  propagation.  These  should  be  updated 
*E.  Zaremba,  Solid  State  Communic.  23,  347  (1977). 


for  the  newer  potentials  that  are  emerging  and  should  be  extended 
to  at  least  room  temperature.  Also,  it  is  now  necessary  to  ex- 
tend the  calculations  to  three  dimensions  to  determine  kink  or 
jog  formation  energies  for  dislocations  and  crack  tips.  These 
are  needed  to  predict  rates  of  defect  motion  and  to  determine  in 
detail  the  competition  between  sharp  crack  propagation  and  crack- 
tip  blunting  by  dislocation  emission.  Methods  are  now  available 
to  match  three-dimensional  defects  compatibly  to  a surrounding 
elastic  continium. 

II . Adsorption,  Cohesion  of  Interfaces  and  Fracture  Processes 
A.  Important  Points 

1.  A fundcimental  question  is  that  of  whether  a given 
lattice  or  interface  (e.g. , grain  boundary)  can  sustain  an  atomis- 
tically  sharp  crack.  If  such  a crack  configuration  is  stable 
against  dislocation  blunting  up  to  loads  corresponding  to  separa- 
tion of  crack  tip  bonds,  brittle  behavior  is  possible  and  the 
lattice  or  interface  will  be  capable  of  cleaving — provided  that 
a crack  can  be  nucleated.  Conversely,  if  dislocation  blunting 
occurs  first,  cleavage  will  generally  not  be  possible  and  failure 
must  occur  according  to  some  more  ducti]e  mechanism.  Although 
the  final  resolution  of  brittle  vs.  ductile  response  must  rely  on 
atomistic  considerations,  an  approximate  criterion  can  be  phrased 
in  terms  of  the  work  of  interfacial  separation,  possibly  as 
altered  by  adsorption,  and  dislocation  parameters  such  as  core 
size  and  energy  of  the  step  formed  in  tip  blunting.  The  latter 
are  also  subject  to  alteration  by  adsorption. 
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2.  The  time  scale  of  interfacial  separation  in, 
e.g.,  temper-embrittled  steels  at  low  temperatures,  is  such  that 
there  is  an  effectively  constant  composition  of  the  temper- 
embrittling  segregants  (Pb,  Sn,  Sb,  P,  etc.)  during  separation. 

These  circumstances  are  well  removed  from  those  of  surface 
creation  at  composition  equilibrium  of  the  separating  interface 
with  -che  bulk,  and  appropriately  different  methods  are  required 
for  calculation  of  the  effect  of  segregation  on  the  "ideal"  work 
of  separation.  It  is  established  that  within  the  approximation 
of  local  equilibriiim  of  the  segregant  at  the  separating  interface, 
classical  thermodynamic  methods  can  be  applied  to  calculate  the 
effect  of  adsorption  at  constant  composition.  The  work  in  this 
case  (for  a single  segregant  of  surface  concentration  F and  local  . 
potential  u)  is 

rr 

CD  = u)  - [y  . ^ (F)  - y . (F)  ]dF 

0 '■  ^int  surf  ‘ 

0 

where  cd^  is  the  work  in  the  absence  of  segregation  and  where 
y = '^int^^^'  ^ ~ '^surf^^^  respective  equations  of  the 

adsorption  isotherms  for  an  unstressed  interface  and  for  the  ^ 

pair  of  free  surfaces  created  by  separation.  The  important  j 

* i 

question,  still  unresolved,  is  that  of  how  much  error  is  intro- 
duced by  modelling  the  segregant  as  being  in  local  equilibrium  ■ I 

I during  separation.  For  comparison,  the  ideal  work  of  separation 

! at  the  opposite  extreme  of  full  composition  equilibrium  (with  a 

I source  at  potential  y)  during  separation  is  given  by  a simple  / 
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generalization  of  the  Gibbs  adsorption  theorem: 


(jO  = (i)  - 

0 


Here  F = and  F = are  the  inverted  equations  of 

the  two  adsorption  isotherms  mentioned  above. 

3.  Observations  suggest  that  interfacial  decohesion 
is  an  important  micromechanism  of  fracture  in  many  systems , in- 
cluding metals  that  ultimately  fail  by  ductile  hole  coalescence. 
Specific  examples  for  "brittle"  fracture  modes  were  provided  by 
the  work  of  MacMahon  on  intergranular  fractures  of  temper- 
embrittled  steels  and  by  Evans  on  structural  ceramics.  Further, 
a key  step  in  "ductile"  fracture  of  metals  is  the  nucleation  of 
voids  from  precipitates  or  other  inclusions  and  this  often  in- 
volves failure  along  the  particle-matrix  interface.  An  additional 
type  of  interfacial  failure  was  shown  by  Asaro  to  be  of  importance 
in  ductile  fracture  of  spherodized  steel.  Here  the  fissures  that 
nucleated  at  the  spherodized  carbides,  typically  on  a grain  or 
sub-grain  boundary,  were  observed  to  grow  along  that  boundary. 

In  fact,  Asaro  showed  evidence  that  the  effect  of  dissolved 
hydrogen  on  ductile  fracture  in  these  steels  can  be  explained 
through  the  concept  that  hydrogen  aids  the  grain-boundary- 
splitting  mode  of  cavity  growth. 

4 . In  the  cases  of  intergranular  separation  noted 
above,  it  is  not  known  definitively  whether  the  crack  remains 
atomistically  sharp  very  near  its  tip  (i.e.. 


no  dislocation 


blunting,  although  nearby  dislocations  could  move  in  the  crack 


tip  stress  field)  or  whether,  instead,  the  observed  intergranu- 


lar mode  is  a result  of  some  kind  of  plastic  "slipping-off" 


process.  If  the  crack  does  indeed  remain  atomistically  sharp. 


then  it  appears  to  be  possible  that  the  crack  could  grow  with 


appreciable  plastic  dissipation  by  the  motion  of  nearby  disloca- 


tions. This  involves  the  "screening"  effect  proposed  by  Thomson, 


and  elaborated  upon  at  the  meeting  by  MacMahon  and  Vitek,  where- 


by the  macroscopic  energy  release  rate  can  be  far  in  excess  of 


the  ideal  work,  oi,  of  interfacial  separation.  Nevertheless,  it 


is  important  to  understand  that  the  size  of  u)  controls  the  size 


of  the  overall  plastic  dissipation  and,  in  this  case,  alterations 


of  to  by  absorption,  for  example,  are  expected  to  lead  to  cor- 


responding alterations  in  the  (much  larger)  macroscopic  energy 


release  rate. 


5.  The  "regular  solution  model"  seems  to  be 


successful  in  a qualitative  sense  in  describing  alloy  systems 


that  lead  to  segregation.  The  model  as  described  by  Wynblatt 


assumes  that  entropy  effects  can  be  described  by  a simple  mixing 


expression.  Thus  surface  and  bulk  concentrations  are  related  in 


the  form 


x®/Xg  = (x^/Xg)  exp(-AH/kt)  , 


and  the  enthalpy  difference  AH  between  surface  and  bulk  includes 


contributions  from  surface  energy  differences  for  the  two  con- 


stituents in  pure  form,  from  the  enthalpy  of  mixing,  and  from 
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the  misfit  elastic  strain  energy  A in  B.  Abraham  and  Pound,  in 
computer  simulations  of  segregation,  demonstrate  reasonable 
agreement  with  the  model,  with  greatest  disagreement  when  the 
solute  A is  smaller  than  B and  the  misfit  energy  is  overestimated. 

B.  Research  Needs 

1.  A major  problem  is  that  of  how  to  properly  pose 
and  resolve  the  question  of  ductile  vs.  brittle  response  of  an 
interface,  including  the  effects  of  impurity  segregation.  Thermo- 
dynamic methods  can  be  applied  to  analyze  some  parameters , speci- 
fically u,  relevant  to  this  competition,  as  described  above. 

There  remains  the  problem  of  assessing  the  effects  of  local  de- 
partures from  equilibrium  composition  during  separation  and  of 
the  kinetics  of  mass  transport  in  the  case  of  environmental  or 
bulk  solute  embrittlement.  Further,  the  effects  of  adsorption 
may,  in  some  cases,  be  as  important  for  alterations  of  the  dis- 
location nucleation  process  as  for  alterations  of  uj.  The 
principles  underlying  such  effects  are  not  yet  well  understood. 

2.  The  observations  reported  on  ductile  fracture 
mechanisms  in  spheroidized  steels  suggest  a greater  contribution 
of  a "brittle"  separation  mode  to  cavity  growth  than  previously 
understood.  This  needs  further  study  to  define  the  nature  of 
the  grain  boundary  splitting  process  and  the  relevance  to  ductile 
fracture  mechanisms  in  other  alloy  systems. 

3.  The  case  of  brittle  crack  growth  with  appreciable 
near  tip  dislocation  motion  remains  incompletely  understood. 


. 1 
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Recent  attempts  at  the  problem  have  been  reported  and  these 
need  to  be  developed  further. 


4.  To  the  extent  that  interfacial  energy  reductions 
are  indeed  important  to  fracture  processes,  there  is  need  for 
better  coordinated  experimental  and  theoretical  work  on  equili- 
brium segregation,  including  multi-component  adsorption.  The 
adsorption  isotherms  for  such  cases  allow  the  thermodynamic 
calculations  of  w by  the  formulae  given  earlier  (appropriately 
generalized  to  the  multi-component  case) . Essentially,  measure- 
ments (e.g..  Auger)  of  surface  and  interface  compositions  are 
needed  as  a function  of  equilibrating  potential,  or  suitable 
theoretical  isotherm  models  are  needed  from  which  such  segre- 
gation can  be  predicted  confidently. 


Ill . High  Temperature  Cavity  Growth 
A.  Important  Points 

1.  Relative  roles  of  boundary/interface  energy  and 
boundary  diffusivity.  The  growth  of  cavities  by  diffusion  de- 
pends on  both  the  ratio  ? of  the  boundary  energy  to  the  surface 
energy  and  the  boundary  diffusivity  in  the  sense  that  the 

growth  rate  is  enhanced  as  ^ or  are  increased.  Most  alloy 

additions  tend  to  increase  both  the  boundary  energy  and  the 
boundary  diffusivity,  and  thus  enhance  the  material's  suscept- 
ability  to  high  temperature  cavity  growth.  However,  some  systems 
have  been  noted  in  which  the  low  temperature  boundary  embrittle- 
ment is  enhanced  while  the  high  temperature  cavity  growth  is 


j 


J 

;! 

■j 
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retarded  (inferring  a decrease  in  boundary  diffusivity) . These 
influences  of  alloy  additions  on  boundary  energy  and  boundary 
diffusivity  clearly  have  very  important  implications  for  the 
design  of  alloys  required  to  perform  at  high  temperatures. 

2 . One  aspect  of  cavity  growth  calculations  and 
data  interpretation  that  has  not  been  considered  is  the  possible 
occurrence  of  interface  processes,  that  restrict  the  availability 
of  the  vacancies  required  to  extend  the  cavities,  i.e.,  interface 
control.  There  are  two  indications  that  interface  control  may  be 
an  important  consideration.  Firstly,  most  diffusion  creep  data 
indicate  that  there  is  a threshold  stress  for  the  onset  of  creep, 
that  can  be  plausibly  attributed  to  a threshold  for  the  continuous 
activation  of  vacancy  sources  (for  a variety  of  possible  reasons) . 
Since  prolific  vacancy  production  is  also  required  for  cavity 
growth  (especially  in  the  equilibrium  mode) , related  threshold 
characteristics  might  be  anticipated.  Secondly,  direct  observa- 
tions of  the  configurations  of  boundary  dislocations  using  high 
resolution  techniques  have  inferred  that  a local  vacancy  super- 
saturation develops  in  the  low  stress  limit,  again  suggesting 
the  existence  of  interface  control.  The  existence  of  interface 
control  has  two  important  implications;  it  can  yield  stress 
dependencies  of  the  cavity  growth  rate  that  vary  (continuously) 
from  the  predicted  value,  as  the  local  stresses  approach  the 
threshold:  it  can  encourage  non-equilibrium  cavity  growth  (which 
requires  fewer  vacancies)  to  occur  at  appreciably  lower  veloci- 
ties than  anticipated  by  present  analyses. 


3.  Most  of  the  present  analyses  of  cavity  growth 
pertain  to  the  extension  of  uniform  arrays  of  cavities.  There 
are  many  important  situations  in  which  the  primary  time  to 
failure  is  expended  while  the  material  contains  a small  number 
of  isolated  non-equilibrium  cavities.  The  growth  rates  that 
pertain  to  this  mode  of  cavity  growth  need  to  be  analyzed, 
including  conditions  under  which  a liquid  phase  is  contained 
near  the  crack  tip.  Two  analyses,  by  Chuang  and  Rice  and  by 
Vitek,  have  been  conducted;  these  must  be  extended  to  include 
crack  configurations  of  interest  (axi-symmetric , branching  at 
triple  points,  etc.). 

4.  The  analyses  of  cavity  growth  do  not  yet  include 
the  possibility  of  dislocation  plasticity  near  or  between 
cavities.  The  relaxation  times  associated  with  the  presence  of 
plastic  zones  are  considerably  larger  than  elastic  relaxation 
times.  This  could  influence  the  relative  roles  of  the  diffusi- 
vities  on  the  cavity  growth,  including  the  transition  between 
the  equilibrium  and  non-equilibrium  modes. 

B.  Research  Needs 

1.  The  implication  that  certain  alloy  additions  can 


retard  boundary  diffusion  (whereas  an  enhanced  diffusion  is  1 

usually  expected)  suggests  an  approach  for  reducing  the  suscept-  -j 

ibility  to  high  temperature  cavity  growth.  Specifically,  an 
attempt  to  identify  alloy  constituents  that  appreciably  reduce  | 


» the  boundary  diffusivity,  without  causing  a counteracting  increase 


I . , suitable  alloy  additions  could  involve  atomistic  modeling  of  the 

1 


boundary  energy  and  boundary  diffusivity,  at  the  most  advanced 
levels  discussed  in  Section  I,  coupled  with  empirical  studies. 

2.  The  possible  incidence  of  interface  control  sug- 
gests that  test  data  be  obtained  over  a sufficiently  wide  range 
of  stress/temperature  conditions  that  trends  indicative  of  a 
threshold  become  apparent;  in  a manner  analogous  to  that  used  to 
resolve  the  existence  of  the  phenomenon  in  creep  experiments 
(Burton  and  Reynolds) . A threshold  could  also  be  introduced 
into  cavity  growth  calculations,  to  anticipate  the  specific  in- 
fluence of  interface  control  on  both  the  stress  dependence  of 
the  growth  rate  and  the  transition  from  equilibrium  to  non- 
equilibrium growth. 

3.  An  important  cavity  growth  regime,  the  growth 
of  a small  number  of  relatively  large  isolated  non-equilibrium 
cavities,  has  received  little  theoretical  attention.  More  ex- 
tensive analyses  of  this  mode  of  cavity  growth  are  urged. 
Similarly  the  incidence  of  dislocation  plasticity  on  the  modes 
of  cavity  growth  needs  to  be  explored. 
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PROGRESS  AND  OPPORTUNITIES  IN  RSR 


E . E . Hucke 

A review  of  some  of  the  outstanding  accomplishments  and 
areas  of  further  opportunity  arising  from  RSR  methods  was  held. 

The  accomplishments  of  the  Pratt  and  Whitney  program 
offer  an  excellent  example  of  the  chain  reaction  benefits  that 
can  be  derived  from  a materials  processing  advance  such  as  RSR. 
In  this  case  the  end  goal  is  increasing  efficiency  and/or 
performance  of  gas  turbine  driven  aircraft  through  the  benefits 
of  better  microstructure  and  properties  of  the  high  temperature 
components.  However,  the  final  improvement  can  be  magnified  by 
the  additional  freedoms  possible  with  RSR  in  choosing  alloys 
and  processing  which  allow  more  than  commensurate  gains  in  final 
performance,  due  to  easier  thermomechanical  processing,  wider 
design  choices,  and  fabrication  economies. 

The  major  enabling  factor  in  this  case  has  been  the  suc- 
cessful operation,  with  many  alloys  on  a large  scale,  of  the  RSR 
powder-making  equipment  giving  high  yields  of  conveniently  sized 
material  solidified  at  rates  at  or  exceeding  10®  K/sec.  The 
structures  obtained  have  more  than  met  expectations  in  producing 
very  fine  dendrite  spacing  (DAS)  and  even  homogeneous  crystal- 
line alloys  which  have  in  almost  all  cases  yielded  materials 
superplastically  deformable  to  near  net  shapes  or  workable  to 
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sheet.  Additional  important  benefits  have  arisen  from  the  elimi- 
nation of  segregation  phases  in  many  alloys , and  in  other  cases 
the  ability  to  maintain  in  solution  larger  alloy  concentrations 
of  beneficial  elements.  The  first  factor  allows  important  in- 
creases to  be  realized  in  re-melt  temperature  which  substantially 
aids  in  thermomechanical  processing  (i.e.,  faster  solution  and 
better  working)  and  particularly  in  the  ability  to  practically 
apply  the  technique  of  directional  recrystallization  which  is 
responsible  for  dramatic  improvements  in  high  temperature  strength. 
Also,  cobalt,  previously  partially  helpful  in  raising  the  re-melt 
temperature,  can  be  reduced  thereby  offering  economy  and  con- 
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servation  of  strategic  material.  The  ability  to  retain  alloy  in 
solution  allows  consideration  of  much  higher  refractory  metal 
contents  for  high-temperature  matrix  strengthening  without  fac- 
ing the  usual  consequences  of  non-workability. 

In  short,  it  was  quickly  perceived  that  RSR  would 
contribute  worthwhile  improvements  to  the  more  usual  superalloy 
compositions  but  that  far  more  could  be  gained  by  exploiting  the 
newly  found  alloying  freedoms.  Notably,  it  was  possible  to 
simultaneously  gain  strength  with  much  higher  y contents  without 
loss  of  fabricability  by  using  higher  AJl  giving  better  oxidation 
resistance  even  though  eliminating  substantial  amounts  of 
strategically  important  Cr.  These  changes  have  already  allowed 
an  overall  improvement  in  metal  temperature  capbility  of  200°F 
compared  to  the  best  alloys  now  available,  but  with  the  added 


advantages  of  sheet  rollability.  The  latter  factor  enables  a 
very  important  flexibility  in  engine  design. 

Previous  favorable  engine  designs  with  elaborately 
channeled  blades  for  transpirational  and  convective  cooling 
have  awaited  the  availability  of  an  alloy  rollable  to  sheet,  but 
then  transformable  to  a creep-resistant  material.  The  present 
realization  of  this  goal  allows  an  alloy  with  200°F  improvement 
in  metal-temperature  capability  to  raise  the  turbine  inlet 
temperature  by  '^/400°F  with  additional  cooling  still  further 
benefiting  inlet  temperature  to  a total  of  630°F  at  equivalent 
life.  Besides  the  usual  benefits  to  performance  and/or  economy, 
such  dramatic  increases  allow  reconsideration  of  engine  design 
factors,  such  as  elimination  of  stages  and  return  to  pure  jet 
engines  with  enormous  savings  in  total  engine  parts.  Indeed, 
the  known  performance/fuel  savings  of  higher  inlet-temperature 
lighter  engines  open  many  possibilities  to  new  aircraft  designs 
(e.g.,  VSTOL)  which  have  been  long  awaiting  the  emergence  of 
suitable  performance  engine  packages. 

In  summary,  this  example  of  R&D  aptly  shows  the  down- 
stream multiplying  effect  of  materials  processing  improvements. 

There  has  been  considerable  interest  since  the  inception 
of  the  ARPA  program  in  RSR  in  determining  whether  glassy  materials 
could  be  reconstructed  into  bulk  form  while  retaining  their 
desirable  properties.  This  would  obviously  extend  the  potential 
range  of  useful  application.  From  the  report  of  preliminary 
studies  carried  out  by  Dr.  Carl  Cline  of  Lawrence  Livermore 
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Laboratories,  it  is  clear  that  at  least  a qualified  success  has 
already  been  achieved.  Cline  reported  a number  of  interesting 
techniques  that  have : 

1.  Explosively  welded  together  metallic  glass  ribbons. 

2 . Explosively  welded  a metallic  glass  layer  to  carbon 
steel . 

3.  Explosively  compacted  powder  metallic  glass  powder. 

4 . Dynapact  compacted  at  modest  temperature  metallic 
glass  powder. 

5 . HIPed  at  low  temperature  (below  Tg)  metallic  glass 
powder. 

In  all  cases  it  was  possible  to  define  process  variables 
which  retained  the  glassy  structure  while  obtaining  full  densifi- 
cation.  At  this  time  it  is  not  possible  to  definitely  state 
that  no  embrittlements  have  taken  place,  but  the  initial  indica- 
tions are  indeed  encouraging.  At  this  time  it  appears  that 
reconsolidation  is  going  to  be  much  easier  than  envisioned 
several  years  ago,  even  in  cases  such  as  explosive  compaction 
where  short  temperature  bursts  well  above  Tg  exist.  Further 
definition  of  surface  cleanliness  requirements  and  full  property 
determination  on  a range  of  glasses  of  interest  remains.  At 
this  time  further  progress  appears  to  be  limited  by  availability 
of  suitable  powder  material. 

Interesting  examples  of  consolidation  of  non-glassy  RSR 
alloys,  i.e. , Ni  superalloys  and  a wide  range  of  difficult  to 
fabricate  ceramics  such  as  AJIN  and  B were  reported.  There  appears 


to  be  a good  chance  that  this  method  can  yield  a polycrystalline 
diamond  material  (carbonado) , possibly  without  binder  metals 


POTENTIAL  APPLICATION  OF  RAPID  SOLIDIFICATION 
METALLURGY  TO  SMALL,  HIGH-PERFORMANCE  TURBINE  ROTORS 

M.  Cohen 

Considerable  attention  has  been  devoted  to  the  pros  and 
cons  of  achieving  higher  operating  temperatures  in  relatively 
small,  high-performance,  short-lifetime  turbines.  Looking  ahead 
beyond  present  superalloy  technology,  there  is  much  interest  in 
the  feasibility  of  ceramic  turbines,  and  thought  has  also  been 
given  to  prospects  for  carbon/graphite  turbines  (see  E.  E.  Hucke 
in  this  report) . The  point  of  the  present  note  is  to  offer  a 
more  modest  suggestion,  based  on  advanced  in  superalloy  metallurgy 
at  Pratt  and  Whitney,  Florida.  This  approach  shows  promise  of 
allowing  a 200 °F  increase  in  turbine-blade  temperature  (perhaps 
a 400 “F  increase  in  turbine-inlet  temperature) , and  yet  it  seems 
quite  realistic  from  the  practical  standpoints  of  processing, 
reliability,  and  engineering  experience. 

Recent  rapidly-solidified  alloy  development  at  Pratt  and 
Whitney  has  led  to  the  following  compositions: 
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These  alloys  not  only  have  superior  high-temperature  strength, 
but  they  are  superplastic  and  can  be  isothermally  forged  to  com- 
plex, near-final  shapes.  As  emphasized  in  our  previous  Council 
reports,  the  RSR  method  permits  extensions  into  alloy  regimes 
which  would  otherwise  result  in  undue  brittleness  and  lack  of 
fabricability . The  rapid  solidification  sustains  a sufficiently 
high  degree  of  compositional  and  structural  uniformity  that  new 
and  desirable  combinations  of  formability  and  high-temperature 
properties  come  into  existence.  At  the  same  time,  there  is  a 
significant  raising  of  the  incipient  melting  point  (from  2330° 
to  2470°F)  because  of  the  suppression  of  segregation.  The 
strength  at  elevated  temperatures  is  also  made  possible  by  the 
grain-coarsening  treatments  which  can  be  applied  to  these  alloys 
prior  to  testing  or  service. 

In  the  light  of  such  progress,  serious  consideration 
might  now  be  given  to  the  use  of  RSR  technology  with  its  newly- 
available  superalloy  compositions  for  next-generation,  high- 
performance,  small  turbine  rotors.  In  this  approach,  it  would 
also  seem  feasible  to  take  advantage  of  the  accompanying  super- 
plasticity to  produce  the  rotor  blades  integral  with  the  hub  by 
isothermal  forging. 


LIQUID  METAL  ELECTRON  AND  ION  SOURCES 


R.  Gomer 


ABSTRACT 


The  mechanisms  of  electron  and  ion  generation  from  Taylor 
cones  of  liquid  metals  are  discussed.  In  the  case  of  electron 
emission  the  vacuum  arcing  mechanism  of  Swanson  and  Schwind, 
which  accounts  for  the  observed  high  current  repetitive  pulsing 
is  briefly  reviewed.  Mechanisms  from  onset  to  the  high  current 
regime  are  proposed  for  ion  emission.  It  is  concluded  that  at 
onset  ions  are  generated  exclusively  by  field  desorption.  A 
theory  to  account  for  the  observed  emitter  heating  is  advanced, 
and  it  is  concluded  that  high  currents  result  from  field  ioniza- 
tion of  thermally  evaporated  atoms.  It  is  shown  that  space 
charge  becomes  important  even  at  very  low  ion  currents  and  is 
instrumental  in  providing  stabilization  in  all  regimes  of  ion 
emission . 


LIQUID  METAL  ELECTRON  AND  ION  SOURCES 
R.  Comer 

INTRODUCTION 

Liquid  metal  ion  sources  have  been  studied  by  several 
investigators  since  at  least  1967.^“^  These  sources  provide  a 
high  brightness,  quasi-point  source  of  metal  ions  for  high 
resolution  ion  beam  lithography  and  other  potential  applications. 

The  details  of  the  ion  generating  mechanism  seem  very  incompletely 
understood.  Recently  Swanson  and  Schwind®  have  also  investigated 
liquid  metal  field  emission  sources.  The  mechanism  in  this  case,  • 

as  proposed  by  these  authors,  seems  straightforward  but  will  be  ; 

briefly  included  here  since  it  provides  an  interesting  contrast 

t 

to  the  ion  emission  case  and  serves  to  throw  some  light  on  the 
matter. 

A liquid  metal  ionization  or  electron  source  typically 
consists  of  a fine  tungsten  capillary  (0.02  to  0.002  cm  in  di- 
ameter) or  of  a capillary  with  a tungsten  needle  projecting 
through  it,  and  an  extraction  electrode  in  front  of  this  assembly. 

The  tungsten  assembly  is  cleaned,  for  instance  by  sputtering,  so 
that  it  is  wetted  by  the  liquid  metal  used,  which  is  then  forced 
into  the  capillary  by  a suitable  arrangement.  When  a critical 
voltage,  generally  5-10  kV,  is  applied  between  capillary  and 

-27- 

_ ^ 


extractor  the  liquid  metal  is  pulled  outward  by  the  electrostatic 
forces  at  its  surface.  It  was  shown  in  1964  by  Sir  G.  Taylor® 
that  the  balance  between  electric  and  surface  tension  stresses 
leads  to  the  formation  of  a cone  of  half-cingle  49.3°,  at  a 
critical  voltage  which  depends  on  the  electrode  configuration 
and  the  surface  tension.  In  principle  this  cone  should  become 
infinitely  sharp  at  its  apex.  Under  some  conditions  dynamic  in- 
stabilities occur  and  jetting  with  the  ejection  of  liquid  drop- 
lets is  observed.  For  many  liquid  metals  of  low  ionization 
potential  it  is  possible  however  to  minimize  droplet  formation. 

If  the  liquid  metal  electrode  is  made  positive  with  respect  to 
the  extractor,  relatively  stable,  d.c.  ion  emission  results  for 
such  metals  with  currents  ranging  from  a few  microamperes  to 
milliamperes . For  Ga  at  currents  >10®  amperes  Swanson^®  has 
observed  incandescence  of  the  liquid  cone  itself,  and  at  slightly 
higher  currents  a glow  is  seen  in  front  of  the  liquid  cone;  the 
glow  region  increases  in  size  with  increasing  current.  Its  size 
seems  to  be  'V’lpm  or  slightly  larger.  These  effects  seem  to  occur 
with  all  metals. 

Ion  emission  has  been  reported  for  Ga,**  alkali  metals,^'**'® 
Au,®  Si-Sn-Cd  (Wood's  metal),®  Hg,®  and  others.®  Some  authors'* 
mention  energy  spreads  of  '^'10eV  for  ions.  For  alkali  ions  both 
singly  and  to  a lesser  extent  doubly  charged  ions,  as  well  as 
dimer  and  multimer  ions  have  been  reported. ® In  one  instance  a 
space  charge  limited,  i.e.,  iocV  current  voltage  relation  has 
been  reported.® 


-28- 


] 


.1 


If  the  polarity  is  reversed  Swanson  and  Schwind®  find, 
with  an  applied  d.c.  voltage  that  emission  consists  of  nano- 
second pulses,  the  current  per  pulse  reaching  values  of  200-300 
amperes  { ! ) . The  pulse  repetition  rate  appears  to  be  limited  by 
the  charging  time  of  the  power  supply. 

Since  the  formation  of  the  emitter  cone  depends  on 
electric  forces,  ion  sources  of  this  kind  have  also  been  called 
EHD  (electrohydrodynamic)  ion  sources,  and  presumably  the  same, 
rather  misleading,  designation  could  also  be  applied  to  these 
configurations  when  used  for  electron  emission. 

MECHANISM  OF  ELECTRON  EMISSION 

The  mechanism  proposed  by  Swanson  and  Schwind®  seems  to 
explain  the  phenomenon  and  is  here  given  very  briefly.  On  appli- 
cation of  the  critical  Taylor  voltage  a liquid  cone  of  very  high 
curvature  at  its  apex  is  formed  and  since  the  field  near  this 
apex  is  of  the  correct  sign  for  field  emission,  electron  tunnel-  ; 

ing  occurs.  The  current  initially  emitted  (as  seen  in  oscillo- 
scope traces)  is  of  the  order  of  several  milliamperes . This  i 

leads  to  heating  of  the  apex  region,  thermal  evaporation  of  metal  ^ 

i 

atoms,  and  their  ionization  by  field  emitted  electrons,  which 
gain  sufficient  kinetic  energy  at  very  small  distances  from  the 

O 

cone  (lO-lOOA).  The  resultant  positive  ions  are  attracted  toward  j 

the  cone  where  they  (a)  reduce  electron  space  charge  thus  in-  I 

creasing  field  emission  and  (b)  cause  the  sputter  desorption  of  J 

i 

additional  ions  and  neutrals.  The  result  is  an  explosive  increase  [ 
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in  net  cxirrent  and  destruction,  literally  blowing  apart,  of  the 


f 


cone  apex.  This  phenomenon,  vacuum  arcing, can  be  observed 
equally  well  with  solid  metal  field  emitters  but  is  then  a single 
event,  requiring  the  preparation  of  a new  tip  for  its  repetition. 

In  the  present  case,  on  the  other  hand,  the  cone  apex  reforms 
very  quickly  under  the  electric  stress  on  the  liquid  conductor 
and  the  process  repeats  itself. 

ION  EMISSION 

We  turn  next  to  the  case  where  the  cone  is  made  positive 
and  ion  emission  is  observed.  The  principal  questions  are: 

1)  What  is  the  mechanism  of  ion  generation? 

2)  Why  is  it  stable,  unlike  the  electron  emission  case? 

3)  Why  is  heating  of  the  cone  observed  at  quite  small  currents? 

4)  Is  the  "plasma"  region  in  front  of  the  cone  incidental 
to  or  central  to  the  ion  generating  mechanism( s) ? 

The  Taylor  Cone 

We  start  by  considering  briefly  the  Taylor  voltage,  the 
electric  field  near  the  cone  apex,  and  the  forces  acting  on  the  i 

cone.  The  condition  for  stress  equilibrium  on  the  surface  of  a ^ 

curved  conducting  liquid  with  an  electric  field  E at  its  surface  \ 

is 

Yd/rj  + l/r^)  = (E/300)  VStt  (1)  j 

where  y is  surface  tension  of  the  liquid  in  dynes/cm,  rj  and  rj  ' * 

the  principal  radii  of  curvature  and  E the  field  in  volts/cm. 


For  a sphere  rj  = rj  and  the  left  side  of  Eq.  (1)  takes  the 
familiar  form  2y/r,  while  for  a cone  there  is  only  one  radius, 
which  increases  linearly  with  distcince  from  the  cone  apex. 

Taylor®  showed  that  Eq.  (1)  could  be  met  by  an  electric  potential 
of  the  form 


V = Ar^  Pj^(cos9)  (2) 

where  r is  the  radius  vector  in  spherical  polar  coordinates  and 
Pj^  the  Legendre  polynomial  of  order  ^5  and  A a constant;  this 
potential  gives  an  outward  normal  field  with  the  required  r 
dependence  and  satisfies  Laplace's  equation.  In  order  to  satisfy 
the  requirement  that  V = 0 on  the  cone  surface,  Pj^(cos0)  must  be 
0 on  the  cone,  which  is  the  case  for  (0  < 0 < it)  0 = 130.7°, 
giving  a cone  half-angle  of  49.3°.  The  outward  normal  field  on 
the  cone  turns  out  to  be® 

E = (l/r)dV/d0  = Ar"^{dPjj/d0) 

= 0.974  Ar"^  (3) 


and  thus  from  Eq.  (1)  the  critical  cone-forming  voltage  is  given 
by 

= 1.432  10®y^Rq’^  (4) 


where  R is 
o 

(extractor) 


the  value  of  r at  0 = 0 for  the  counter  electrode 
assuming  that  the  latter  has  the  idealized  shape 

-1-2 


r = R. 


P,  (cos0) 


oL  is 


(5) 


--;A.  r 
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For  actual  geometries  which  do  not  conform  to  this  shape  can 

be  thought  of  as  a form  factor  of  the  order  of  the  electrode 

spacing.  To  get  some  feeling  for  let  us  assume  '^J0.1cm, 

Y = 700  dy/cm  (a  value  appropriate  for  liquid  Ga,  but  typical  of 

most  of  the  metals  under  consideration)  . We  then  find  V =*  llkV 

c 

in  good  agreement  with  the  observed  values,  considering  the  un- 
certainty in  R^. 

For  voltages  less  than  no  cone  will  be  formed  and  for 
voltages  in  excess  of  the  net  electric  force  exceeds  the  sur- 
face tension  force  so  that  the  cone  will  be  unstable.  In  reality 
it  seems  possible  to  exceed  considerably  without  the  formation 
of  droplets  or  the  ejection  of  liquid  jets  in  the  case  of  ioniza- 
tion in  vacuum.  This  point  will  be  considered  -in  more  detail 
later. 

It  is  evident  from  the  Taylor  argument  that  a rounded 
cone  apex  must  be  unstable  at  relative  to  elongation  into  a 
true  cone  since  the  electrostatic  forces  will  always  exceed  the 
surface  tension  forces.  Thus  any  rounding  will  either  have  to 
be  the  result  of  a balance  between  the  rate  of  removal  of  atoms 
and  ions  at  the  apex  and  the  rate  of  supply  of  liquid,  or  must 
result  from  a reduction  in  apex  field  by  space  charge  effects. 
Apex  Field 

It  is  important  to  know  the  electric  field  at  the 
(rounded)  cone  apex.  This  can  be  obtained  by  the  method  of  Dyke 
et  al;^^  A "core"  consisting  of  a conducting  sphere  on  a con- 


ducting  cone  is  chosen.  For  this  geometry  the  potential  is  given 
by 


V(r,9)  = (V  /R^)  (r*^  - (cosG) 

K o n 


(6) 


where  r is  the  radius  vector  in  polar  coordinates , has  the 
same  meaning  as  in  Eq.  (4)  and  a is  the  radius  of  the  core-sphere 
n is  chosen  to  make  V = 0 along  the  cone,  i.e.,  n = H in  the 
present  case.  One  then  constructs  an  equipotential  surface  by 
picking  a value  of  V = constant  in  such  a way  that  this  equi- 
potential approximates  the  real  geometry,  in  our  case  a cone  of 
half-angle  49.3°  terminated  by  a spherical  cap.  Using  n = H and 
Eq.  (6)  one  obtains 


Pj^  (cose ) 


1 - k^ 

x^d-kVx^) 


(7) 


as  the  equation  of  an  equipotential,  where  use  has  been  made  of 
the  fact  that  Pj^(9  = 0)  =1.  k and  x are  defined  by 


k = a/r 

(8) 

o 

X = r/r^ 

(9) 

and  r^  is  the  distance  from  the  origin  to  the  equipotential  at 
9=0.  Eq.  (7)  can  easily  be  solved  for  pairs  of  (9,r)  values 
once  a given  k has  been  picked,  so  that  a polar  plot  of  the  equi- 
potential can  be  constructed.  It  was  found  that  a good  approxi- 
mation to  the  desired  geometry  was  obtained  by  the  choice  k = 0.5 
as  shown  in  Fig.  1.  The  best  sphere  inscribable  does  not  however 


We  designate  this  as  the  apex  radius 


have  radius  r but  7.0  r_. 

o o 


r = 7r_ 
a o 


(10) 


The  field-voltage  proportionality  constant  for  8=0,  = 

/^applied 


Bo  = ^ 


(1 + 3k^) 
R 


■'o''’ 


(11) 


1-)C‘ 


For  r /R  <<  1 the  last  term  on  the  right  side  of  Eq.  (11)  is  1 
o o 

and,  in  terms  of  r , and  for  )c  = 0 . 5 

a 


= 2.32  (R^r  ) 
o o a 


-*5 


(12] 


It  is  interesting  to  compare  this  value  with  S for  a sphere  of 


the  same  radius,  r^, 

ci 


B u = 1/^ 
sphere  a 


(13) 


so  that  we  have 


S /B  r.  =2 

o cone'  sphere 

.32(r^/R^)’’ 

(14) 

Using  Eqs.  (4) 

for  V and  Eq.  (12) 
c 

for  ^o  find  for  V = 

V an 
c 

apex  field  Eo 

E^  = 3322 (Y/r^)^ 
o a 

volts/cm 

(15) 

If  Y = 700  dy/cm,  r = 2x10“'^  cm,  E = 2x10®  volts/cm.  It  will 

Si  o 

be  shown  presently  that  this  is  of  the  order  required  for  field 
desorption. 
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Force  on  the  Cone 


In  the  absence  of  space  charge  the  steady  state  configur- 
ation of  the  apex  region  would  be  determined  by  balance  between 
the  removal  of  atoms  and  ions  and  their  resupply  under  the  un- 
balanced electrostatic  force.  The  latter  is  therefore  of  some 
interest.  The  net  outward  force  along  the  cone  axis  of  symmetry 
is  given  in  the  absence  of  space  charge  by  the  net  outward  force 
over  the  triincated  region  of  the  cone,  since  along  the  cone 

electric  and  surface  tension  forces  balance  at  V = V . 

c 

Assviming  a spherical  cap  tangent  to  the  cone  where  sphere 
and  cone  join  the  force  F would  be  given  by 


F = 0 .6iTr‘ (e^-2Y/r^) 

a O a 


0 .Surf 

Oi 


■(E^/300)^  2V 
8tt  ~ r 


(16) 


= 5.43  r^Y  dynes 

Oi 

where  use  of  Eqs . (1)  and  (15)  has  been  made.  For  y = 700  dy/cm, 
r = 2x10“^  cm  F = T.SxlO”**  dynes. 

cl 

Supply  of  Liquid 

If  viscous  forces  within  the  cone  itself  can  be  neglected 
the  mass  flow  ^ under  this  force  would  be  given  by  the  net  nega- 
tive pressure  acting  on  the  supply  capillary  of  radius  r^  from 
Poiseuille's  equation 


dv/dt  = x^F/  (8t\1)  cmVsec 


(17) 


If  F is  taken  as  8xi0”^  dynes  and  = 10“^  cm  n = 0.01  poise, 

I = 0.1  cm  one  finds  dv/dt  = 10“®cm^/sec.  Converted  into  current, 
using  'V/lxlO"^^  cm^  as  the  volume  of  an  atom  and  the  fact  that 
1 ion/sec  = 1.6x10“^^  amperes  we  find  an  equivalent  current  of 
0.05  amperes.  This  value  is  much  larger  than  the  ion  currents 
just  beyond  onset  which  are  '^'10“®  amperes  and  would  predict  es- 
sentially no  blunting  by  desorption  since  supply  exceeds  desorption 
by  a factor  of  ''^10^.  The  electric  field  falls  off  from  the  0 = 0 
value  with  increasing  polar  angle  and  this  may  reduce  the  total 
force  by  a factor  of  '^'5.  It  is  also  possible  that  the  effective 
length  of  the  supply  capillary  has  been  underestimated.  However 
it  is  still  impossible  to  explain  appreciable  blunting  on  the 
basis  of  the  above  considerations  alone.  It  will  turn  out  that 
there  is  in  fact  some  slight  blunting  and  that  this  results  from 
a reduction  in  E by  space  charge,  rather  than  by  supply  limitation. 
Thus  the  conclusion  of  this  section  is  that  supply  will  always  be 
adequate  to  provide  the  observed  ion  currents. 

Mechanism  of  Ion  Formation 

We  consider  next  the  mechanism  of  ion  formation,  starting 
at  current  onset.  It  seems  clear  that  at  least  the  initial  step 


of  ion  emission  is  field  evaporation  or  field  desorption 


13,14,15 


Two  mechanisms  for  this  have  been  proposed.  Muller assumed 
that  under  conditions  of  very  high  field  the  "ionic"  potential 
curve  corresponding  to  the  state  Metal  + Ion  fell  below  the 
"neutral"  curve  Metal  + Atom  with  desorption  occurring  by  the 
atom  moving  outward,  being  adiabatically  ionized  and  desorbing 
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over  the  Schottky  barrier  of  the  field-deformed  ionic  curve 
(Fig.  2) . At  sufficiently  high  field  the  latter  would  present 
a negligible  barrier  and  under  these  conditions  the  field  re- 
quired for  desorption  is  obtainable  from  the  relation 


H + - n(j)  = (n  = 

d ii 


*£)^  - (a  -a.)E^ 
a 1 


essentially  an  energy  balance  equation,  where  E is  field,  H the 

di 

atomic  binding  energy,  the  appropriate  sum  of  ionization 
potentials  to  produce  an  ion  of  charge  n,  (J)  the  work  function, 
and  a,  and  a.  atomic  and  ionic  polarizabilities.  This  mechanism 
probably  applied  when  I - (j)  is  small.  When  !>><})  Gomer  and 
Swanson^  ^ ® have  proposed  a mechanism  depicted  schematically  in 
Fig.  3,  which  consists  of  the  intersection  of  neutral  and  ionic 
curves  in  such  a way  that  (again  for  zero  barrier  height  for 
desorption) 

H,  + I - ncj)  - n^e^/4x  = Eex^-Js  (a,-a  . ) (19) 

an  c c a 1 


Here  x is  the  distance  from  the  surface  at  which  the  intersection 
c 

o 

of  the  curves  occurs,  i.e.,  '\j2A.  Both  models  indicate  that  fields 
of  the  order  of  one  to  several  volts/Angstrom  are  required,  de- 
pending on  H , I and  4)  and  this  is  confirmed  by  experiments  on 
a 


solid  field  emitters. 

•V 

Since  the  quantitative  validity  of  the  image  potential  J 

law  at  the  fields  involved  is  not  clear,  since  x^  is  increased  j 


effective  polarizability  of  an  atom  in  a metal  surface  is  difficult 


lYI  + A 

Zl-i> 

M+A 


, I .3/2r.l/2 

(ne)  E 


Figure  2.  Potential  energy  diagram  for  field  evaporation  when 
1 - ij)  is  small.  (a)  No  applied  field;  (2)  applied 
field  E.  The  diagrams  drawn  assume  that  the  ground 
state  is  actually  ionic,  but  this  is  not  essential, 
as  long  as  the  field  deformed  curve  at  the  maximum 
of  the  potential  barrier  is  ionic.  M + A neutral, 

M"  + A"*"  ionic  curve.  H heat  of  adsorption  (or 
vaporization)  relative  to  neutral  metal  + neutral 
atom  in  the  absence  of  applied  field.  Q activation 
energy  of  field  evaporation. 


(b)  X^3I-^>*H„-Q 

Ee 

Figure  3.  Potential  energy  diagrams  illustrating  field  desorp 
tion.  (a)  Field  free  case,  (b)  applied  field  E. 

M + A neutral  curve,  M“  + A"*"  ionic  curve,  heat  of 
vaporization,  I ionization  potential  of  atom  A, 
work  function  of  metal,  Q activation  energy  of  de- 
sorption, Xq  crossover  of  field  deformed  ionic  and 
and  neutral  curves . 


to  calculate,  it  is  not  easy  to  go  beyond  semiquantitative  esti- 
mates of  desorption  fields.  This  has  nevertheless  been  attempted 
by  Brandon,"®  who  concludes  that  for  Ga  E = 1.16  volts/A,  i.e., 
1.16x10®  volts/cm. 

It  will  turn  out  that  a related  phenomenon,  field  ioniza- 
tion,^^ probably  contributes  most  to  current  generation  at  high 
currents.  This  can  be  understood  by  analogy  with  field  desorption, 
as  indicated  by  Fig.  4,  and  consists  of  the  intersection  of  an 
ionic  and  neutral  curve  at  distances  where  the  potential  of  the 
latter  is  sensibly  zero.  Looked  at  in  terms  of  electrons,  it 


amounts  to  tunneling  of  an  electron  out  of  a field  deformed  atomic 
potential . 

In  general  the  fields  required  for  field  desorption  of 
an  atom  are  considerably  higher  than  those  for  field  ionization 
of  the  same  gas  phase  atom  as  is  obvious  from  Figs.  3 and  4. 


Space  Charge  Effects 


We  next  consider  space  charge  effects.  For  electron 
emission  these  become  appreciable  only  at  much  higher  currents 
than  those  involved  here,  but  because  of  their  mass  ion  velocities 


are  less  by  a factor  of  '^^300  and  space  charge  becomes  important  in 
the  microampere  range.  An  exact  solution  to  the  space  charge 
problem  for  the  cone  is  very  difficult  and  we  limit  ourselves  to 
the  case  of  concentric  spheres,  that  is,  we  replace  emitter  and 
collector  by  small  and  large  spheres  respectively.  An  approxi- 
mate connection  with  the  cone  will  be  made  via  a scaling  argu- 
ment. Unlike  the  classical,  thermionic,  case  treated  by  Langmuir^® 
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IQ  T) 


it  is  not  permissible  to  set  the  field  at  the  emitter  equal  to 

O 

zero  since,  as  we  have  seen,  fields  of  the  order  of  volts/A  are 
in  fact  required  there. 

The  basic  equations  are 


with 


V^V  = 4ttp 


4TTr  ^ V 


V = (2  Ve/m)  ^ + V 


so  that 


v^  = ( 2kT/m) 


2r  i + 


(kT/m) 


Let  X = r/r^  where  r is  the  emitter  radius.  Define  V as  the 
a a o 

applied  voltage  required,  if  there  were  no  space  charge,  to 
produce  the  necessary  field  at  r^: 


E = V /r 
o o a 


Let  V/V^  = y-  Eq.  (24)  then  becomes 


^ + 2x  ^ = fj-l'’  iV  (v,/vl‘‘ 

J 2 dx  1^2eJ  o J ' T'  oj 


where 


v^  = ( 2V^e/m) ^ 


I y 
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For  V in  volts,  i in  cunperes  and  m expressed  as  molecular  weight 
M,  Eq.  (26)  becomes 


x^y" + 2xy' 


6.49x10® 


iM^V 

o 


+ (kT/V^e) 


(28) 


with  initial  conditions 


yd)  = 0 (29) 

y' (1)  = 1 (30) 

If  it  were  not  for  the  appearance  of  in  the  term 

(kT/V^e)  in  Eq.  (28),  the  latter  could  be  solved  numerically 

h - 

without  further  ado  for  various  values  of  iM  ' , the  integra- 
tion being  carried  out  until  such  values  of  x as  yield  a constant 
value  of  y = y(<»)  (or  until  y'  =0).  By  assuming  a value,  or 
values , of  the  current  would  then  be  determined  and  also  the 
voltage  required  to  produce  it,  ncunely  V^y(“).  The  presence  of 
the  term  (kT/V^e)  forces  us  however  to  make  some  more  explicit 
assumptions  about  the  emission  process.  Specifically  we  first 
assume  that  the  field  is  sufficiently  high  to  make  the  lifetime 
of  a surface  atom  with  respect  to  ion  desorption  constant  at  a 
value  T . The  current  is  then  given  by 

i = 4TTr^  10^®/t  ions/sec  (31) 

cl 

where  the  niamber  of  atoms/cm^  is  taken  as  10^®.  In  units  of 
amperes  Eq.  (31)  becomes 

i = 2.01x10"®  rVx  amperes 
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(32) 


If  we  now  pick  a fixed  value  for  E we  can  eliminate  r from 

o a 

Eq.  (32)  by  Eq.  (25)  and  have 


i = 2x10"^vV(E^t) 
o o 


(33) 


Substitution  of  this  expression  for  i in  Eq.  (28)  yields 

6.49x10®  iM^V  = 1.30x10®  M^V  ^/(E^t) 
o o ' o 


and  Eq.  (28)  becomes 


x^y"  + 2xy ' 


1.30x10®  M^V  V(E®t)  1 

'kT' 

V ^ 

o'  o 

e , 

1 o 

(34) 


(35) 


This  procedure  is  equivalent  to  assuming  that  changes  in 

i result  from  increases  in  r if  t and  E are  considered  to  stay 

a o 

constant.  With  the  explicit  (and  slightly  arbitrary)  choice 
Eq  = 4x10®  volts/cm,  x = 10“^®sec,  M = 70  (corresponding  to  Ga) , 
Eq.  (35)  finally  becomes 


x®y"  + 2xy'  = 0.68  VQ^[y^  + 0.16  (36) 

where  T = 300K  has  been  used.  Eq.  (36)  was  solved  numerically 
for  various  values  of  until  y no  longer  increased  appreciably 
with  increasing  x.  The  arbitrary  cutoff  was  made  at  x = 10“. 

The  applied  voltage  V can  now  be  found  as  y(<»)  , where  <»  is 
taken  to  be  equivalent  to  x = 10“  and  i can  be  obtained  from 
Eq.  (33).  Table  1 shows  the  values  of  i vs.  the  corresponding 
applied  voltage  V for  various  values  of  as  well  as  V/V^  = y(“) 

3/ 

Also  shown  are  values  of  V'^Vi.  Fig.  5 shows  plots  of  V(x)/V(“) 

X for  some  selected  values  of  V^.  It  is  clear  that  the  potential 


! Solutions 

j 

of  Eq.  (36) 

in  tabular  form.  Symbols 

as  in 

text. 

For 

r 

1 

V < 1 the  term  0. 
o - 

i 

16  V ^ in  Eq. 
o 

(36)  was  calculated  as  if  V * 

o 

20  in 

that  term. 

I' 

1 

V (volts) 
o 

V (volts) 

i (amperes) 

v/v 

o 

v^/Vi 

m 

0.01 

0.0154 

1.2  xio-“ 

1.54 

1.6X10® 

t ■ 

. 

' 0.5 

1.81 

3.13X10“® 

3.62 

7.8X10^ 

: ' 

‘ 1.0 

i 

4.61 

1.25X10'^ 

4.61 

7.9X10^ 

■1 

. 1 

1 

5.0 

[ 

40.5 

3.13x10“® 

8.1 

8.2x10^ 

i 10.0 

102 

1.25X10“® 

10.2 

8.2xio’ 

i 

20 

258 

5.00x10“® 

12.9 

8.3X10^ 

1 

50 

875 

3.13X10“** 

17.5 

8. 3X10^ 

i, 

i 

1 

100 

2,280 

1.25X10“® 

22.8 

8.7X10^ 

I 

500 

16,750 

0.031 

33.5 

7 xio’ 

I 

I 

1 

1 


Figure  5.  Plots  of  V(x)/V(<»)  vs.  x for  various  values  of  V© 
shown  on  curves,  based  on  solutions  of  Eq.  (36). 
Insert  shows  region  for  1 < x < 2 for  Vq  = 20,  to 
illustrate  the  fact  that  for  appreciable  space 
charge  the  field  E will  have  its  maximum  at  x > 1 


rises  much  less  rapidly  than  in  the  absence  of  space  charge. 
Figure  6 shows  the  field  relative  to  that  at  x = 1,  vs.  x. 

If  we  now  shed  our  scruples  about  the  term  (kT/V^e)  in 
Eq.  (28)  or  (36)  and  assume  that  its  exact  magnitude  is  relative- 
ly unimportant  so  long  as  it  is  finite  and  thus  prevents  V^V  from 
becoming  infinite  at  x = 1 , we  can  also  interpret  the  results  in 
terms  of  fixed  r , if  we  assume  that  the  variation  in  E_  required 

to  increase  i is  so  small  that  a constant  value  of  E_  can  be 

o 

assumed  even  when  i is  varied.  In  that  case  a fixed  choice  of 

= E r suffices  to  obtain  i,  the  values  of  shown  in 

o o a o 

Table  I being  now  considered  simply  as  numbers  required  to  vary 
i.  We  call  these  (parameter). 

We  have  from  Eq.  (34)  and  the  values  of  E^  and  x used  to 
obtain  Eq.  (36) 

i = 1.26xl0~'^  (param)  (37) 

o o 

and 

V = y(oo)  (38) 

For  a particular  choice  of  V^,  i is  now  obtained  as  a 
function  of  applied  voltage  V by  picking  a value  of  (param) 
from  Table  I,  using  the  appropriate  value  of  y(“)  to  obtain  V 
from  Eq.  (38)  and  the  value  of  i from  Eq.  (37) . 

A plot  of  log  i vs.  y(®)  = ^o  ~ volts, 

obtained  in  this  way,  is  shown  in  Fig.  7;  space  charge  effects 
are  still  appreciable  when  i = 10~®  amperes,  where  V/V^  = 


1.5. 


E(x)/E(l) 


The  choice  V = 20  volts  corresponds  to  E = 1x10®  v/cm  for  r = 

O 0 3 

2x10“^  cm,  or  to  2xio®  v/cm  for  r = 10~^  cm. 

3 

It  should  be  emphasized  that  the  smallness  of  r is 

3 

crucial  to  this  result,  although  this  is  not  directly  obvious. 

An  example  will  illustrate  this.  Suppose  we  choose  = 2xio® 

VO It /cm  and  r =10“®  rather  than  10 cm.  We  then  have  V = 
a o 

200  volts,  instead  of  20  volts  and  from  Eq.  (37)  we  see  that  the 
ratio  V/V^  = 1.5  now  corresponds  to  i = 3xl0“®  amperes,  or  30 
times  higher  than  for  r = 10“^  cm.  The  physical  reason  is  that 
higher  currents  are  now  required  to  produce  the  same  current 
density. 

We  now  adapt  these  results  to  the  Taylor  cone  in  a rough 
way  by  assuming  (a)  that  the  values  of  current  for  the  sphere  of 
same  radius  r as  the  cone  apex  must  be  divided  by  '^/4  to  give  the 
equivalent  cone  current,  since  the  emitting  area  of  the  latter  is 
'^^TTr^  rather  than  4Trr^  as  for  the  sphere,  and  (b)  that  once  this 
correction  hsa  been  made  the  same  ratio  of  V/V^  can  be  used  for 
the  cone  as  for  the  sphere.  Table  II  lists  some  representative 
assumptions  of  r , E_,  and  values  of  i and  V based  on  these 

3 0 ' 

assumptions,  calculated  by  means  of  Eqs . (14),  (37) , (38)  and 
the  solutions  of  Eq.  (36). 

The  numerical  values  of  V listed  in  Table  II  depend  not 

only  on  the  quantitative  validity  of  our  extrapolation  from 

sphere  to  cone  but  also  on  the  exact  value  of  R and  must  there- 

o 

fore  be  considered  at  best  semiquantitative  estimates.  Despite 
this  fact  several  conclusions  emerge  rather  clearly:  (1)  Apex 


TABLE  II 


Various  combinations  of  r , E , i,  and  V.  The  values  for  i refer  to 

a o 

a sphere  and  should  be  divided  by  'V4  for  the  cone.  The  values  of  correspond 
to  the  voltage  required  to  produce  the  field  E^  at  the  surface  of  a sphere  of 
radius  r in  the  absence  of  space  charge. 


r (cm) 

E (volts/cm) 
o 

V (volts) 
o 

i( amperes) 

V , (volts) 

sphere 

V (volts) 

cone 

10“^ 

10® 

10 

4.0  X10-' 

15 

6,450 

10"'^ 

10® 

10 

2.8  xio"® 

36 

15,566 

1 

O 

2X10® 

20 

1.1  xio"® 

30 

9,302 

10-'^ 

2x10® 

20 

8.0  xlo"® 

72 

21,900 

2x10“'^ 

CO 

O 

20 

1.16x10"® 

30 

9,120 

3X10"'' 

10® 

30 

2.1  xlo"® 

45 

11,200 

4x10“'' 

10® 

40 

3.2  xlo"® 

60 

12,930 

8X10"' 

10® 

80 

9.0  X10-® 

75 

18,430 

8X10-' 

10® 

80 

1.6  xlo"® 

96 

14,600 
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fields  of  >10®  volts/cm  can  only  be  obtained  with  very  small  apex 
radii,  even  in  the  absence  of  space  charge,  and  (2)  space  charge 
effects  become  significant  at  currents  of  >10“’  amperes.  There 
is  some  trade-off  between  apex  radius  and  V/V^,  as  already  pointed 
out,  and  also  ^/V  , decreases  with  increasing  r as  indi- 

dated by  Eq.  (14).  Nevertheless  it  seems  clear  that  r values 

a 

o 

much  in  excess  of  10 OA  would  require  voltages  in  considerable 
excess  of  experimentally  observed  values  to  produce  the  required 
apex  fields.  This  conclusion  is  of  considerable  significance  for 
ion-optic  applications,  since  it  implies  a very  small  effective 
source  size  aind  consequent  high  brightness,  as  in  fact  observed 
experimentally.  Since  the  apex  is  probably  spheroidal  rather 
than  spherical,  the  effective  source  size  is  dependent  on  actual 
apex  size. 

We  are  also  able  now  to  estimate  to  what  extent  space 
charge  can  contribute  to  relaxation  of  the  cone  apex  from  infinite 
sharpness.  From  Eq.  (1)  we  find  for  example  if  r = 2x10“’  cm  and 

Si 

y = 700  dynes/cm  that  the  equilibrium  field  is  E = 1.26x10®  volts/ 

cm.  It  is  clear  from  Table  II  that  even  a modest  current  can 

suffice  to  reduce  E to  this  value  from  that  which  would  be 

o 

present  at  in  the  absence  of  space  charge,  say  2x10®  volts/cm. 
Thus  such  blunting  as  occurs  seems  to  result  entirely  from  re- 
duction in  apex  field  by  space  charge,  rather  than  from  any  limi- 
tations on  liquid  supply,  as  already  stated  in  an  earlier  section. 


Mechanisms  of  Current  Generation  and  Stabilization 


We  are  now  ready  to  consider  ion  current  formation  from 

onset  to  high  currents,  as  voltage  is  increased  from  0.  Clearly 

there  can  be  no  current  at  all  below  V since  cone  formation  is 

c 

a prerequisite.  If  the  apex  field  at  (in  the  absence  of  ion 
current  and  hence  space  charge  effects)  is  too  small  to  allow 
field  desorption,  no  ion  current  will  be  observed  at  V^.  In- 
creases in  V will  then  lead  to  droplet  formation,  possibly  with 
concomitant  ionization.  This  will  be  discussed  in  slightly 
greater  detail  in  the  next  section.  Assuming  however  that  the 
apex  field  at  suffices  for  appreciable  ion  generation  there 
will  be  a sharp  onset  of  current  at  V^.  In  the  case  of  Ga , for 
instance  the  experimental  onset  value^°  appears  to  be  2-3  micro- 
amperes, and  this  implies  that  there  will  already  be  some  space 
charge  effects  at  onset.  The  cone  apex  will  consequently  assume 
a form  corresponding  to  equilibrium  between  surface  tension  and 
electrostatic  stress,  the  latter  being  reduced  by  space  charge 
in  the  current  generating  region  from  the  value  which  would  ob- 
tain in  the  absence  of  current.  As  already  pointed  out  the 

O 

effective  apex  radius  must  be  of  the  order  of  10-50A  to  account 
for  the  observed  voltages  required.  In  the  current  regime  just 
beyond  onset  the  mechanism  of  ionization  must  correspond  to  pure 
field  desorption  or  evaporation,  and  consequently  ion  energy 
distributions  will  be  narrow,  and  principally  determined  by 
quantum  effects,  i.e.,  uncertainties  in  the  locus  of  ionization. 
These  probably  amount  to  'v-leV. 
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Emission  in  this  current-voltage  regime  will  be  stable 
since  space  charge  provides  negative,  i.e.,  stabilizing,  feedback: 
If  through  some  fluctuation  r increases,  E will  decrease,  and 

a 

hence  I will  decrease.  This  causes  a reduction  in  space  charge 
so  that  E (for  fixed  V)  increases,  pulls  the  apex  into  a sharper 
configuration  (i.e.,  decreases  r ),  thereby  causing  more  I and 

di 

also  more  space  charge  screening,  thus  causing  relaxation,  etc. 

We  must  consider  next  what  happens  as  V is  increased  so 
that  I increases  to  >10"^  amperes.  It  is  found  experimentally^® 
for  Ga,  for  instance,  that  the  liquid  cone  is  heated  to  >1000“C 
at  such  currents.  It  is  easy  to  show  that  ohmic  heating  at  10“ ® 
amperes  is  unimportant.  (See,  for  instance,  Swanson  and  Schwind®) . 
On  the  other  hand  field  desorption  with  short  desorption  times  can 
lead  to  heating  through  an  effect  analogous  to  that  observed  when 
a solid  is  cleaved.  The  separation  energy  in  that  case  always 
exceeds  the  surface  energy  of  the  surfaces  created  because  the 
breaking  of  bonds  can  never  be  performed  adiabatically  and  some 
energy  is  always  imparted  to  the  separated  solids  through  "snap- 
ping back."  In  the  present  case,  if  the  departing  ion  leaves 
very  rapidly,  the  remanent  liquid  will  not  have  time  to  assume 
its  equilibrium  configuration  as  the  ion  leaves.  Thus  the  work 
of  removing  an  ion  exceeds  the  adiabatic  value  and  the  difference 
appears  eventually  as  heat  in  the  liquid.  It  turns  out  that  only 
a very  small  amount  of  energy  per  ion  formed  is  required  to 
account  for  the  temperature  rises  in  fact  observed  at  >10“® 
amperes.  Very  approximately  we  have  at  steady  state 


AT  o — 

K ^ = Q/^rl  = Q (39) 

where  K is  thermal  conductivity,  AT  the  temperature  rise  at  the 
apex,  X a mean  distance  over  which  this  rise  decays,  Q the  heat 
generated  per  unit  time  and  Q the  heat  per  unit  time  per  unit 
area.  Eq.  (39)  applies  strictly  speaking  to  a cylinder,  not  a 
truncated  cone,  but  the  correction  factor  will  not  exceed  an 
order  of  magnitude.  Taking  liquid  Ga  as  an  example,  K = 0.3 
watt  sec" ^cm“ Meg~ ^ . Taking  x = 0.01  cm  we  see  that  the  required 
heat  becomes,  for  AT  = 1000°K 


Q = 3x10**  = 10^  ® qx 


watts/sec/cm^ 


where  q is  the  heat  generated  per  ion.  Thus 


q = 3x10"“*  T ergs/atom 


= 2x10®  T eV 


If  T = 10"^^  sec,  q = 2x10"'*  eV.  Alternately  (but  equivalently, 
since  i,  r and  i are  related  by  Eq.  (32)) 

cL 

q = ^ TTr^  X 1.6x10"^®  (42) 

^ XI  a 

where  i is  ion  current.  Taking  i = 10"®  amperes  we  find 


q = 10  * ° r!  eV 

cL 


for  r in  cm.  If  r = 2xio~^cm,  q = 4x10"**  eV  and  for  smaller 
radii  q will  be  correspondingly  smaller.  This  heating  mechanism 
was  pointed  out  to  the  author  by  Professor  W.  Kohn . 
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In  the  case  of  solids  the  relaxation  can  involve  only 


elastic  deformations.  In  the  case  of  liquids  on  the  other  hand 
there  is  in  addition  an  analogue  to  plastic  deformation  which 
can  occur  on  the  time  scale  of  interest.  If  an  atom  were  plucked 
out  of  a liquid  surface  by  field  evaporation  the  surface  area 
would  increase  by  '^’'^^^tom  ~ 7x10“^  ®cm^  and  the  liquid  would  quick- 
ly get  rid  of  this  "hole",  but  not  in  the  time  of  desorption. 

Thus  there  would  be  a relaxation  energy  of  Y^r^tom  ergs/ion , or 
for  Y = 700  ergs/cm^ , 5xio~^^  ergs/ion  or  0.3eV.  This  value  is 
probably  an  overestimate  because  of  partial  relaxation  during 
field  desorption.  Further  it  should  be  remembered  that  the  esti- 
mate of  the  required  heat  refers  to  a cylinder  not  a very  blunt 
cone.  Finally  it  must  also  be  recalled  that  if  the  field  is  not 
high  enough  to  allow  field  desorption  with  zero  activation  energy, 
the  activation  energy,  which  amounts  to  heat  carried  away  by  the 
desorbing  particle,  must  be  subtracted  from  the  above  value. 

It  is  clear  in  any  case  that  the  effect  just  discussed 
can  lead  to  sufficient  heating  to  cause  appreciable  evaporation  of 
neutral  atoms.  The  discussion  of  space  charge  limited  field  de- 
sorption also  indicates  that  the  high  currents  obtained  experi- 
mentally at  voltages  of  order  1.5  “2V^  simply  could  not  be  obtained 
by  field  evaporation,  since  very  much  higher  voltages  would  be 
needed  to  provide  the  required  fields.  Thus  is  seems  clear  that 
the  high  currents  obtained  at  voltages  above  must  come  from 
neutral  atoms  evaporated  thermally  and  then  ionized  in  some  manner. 


It  is  easy  to  find  some  limits  on  the  product  of  area  which  must 
supply  this  vapor  and  the  (equilibrium)  vapor  pressure  involved. 
The  evaporating  flux  from  a surface  at  temperature  T such  that 
the  equilibrium  vapor  pressure  P is  given  by  N/A 

N/A  = P(27TmkT)  ^ = 1.3x10^°  ^torr  atoms/cm^/sec  (44) 

for  Ga  at  1300°K,  where  A is  area  and  P pressure.  Thus  if  every 
evaporated  atom  were  somehow  ionized  the  resultant  current  would 
be 

'’torr  ’ (-IS) 

Thus  for  i = 10““*  amperes,  P*A  = 4.7x10”®  torr-cm^ . If  P = 1 
torr,  corresponding  to  T = 1350°C  for  Ga,  A = 4.7xl0“®cm^,  or  if 
it  is  assumed  to  be  given  by  Trr^  , r = 1.2xl0“^cm.  If  P = 760 
torr  a value  of  r = 4x10”®  cm  would  result.  Thus  it  is  clear 
that  an  area  much  bigger  than  the  hemispherical  apex  cap  must 
contribute  to  current  generation. 

We  show  next  that  the  ionization  mechanism  cannot  be  im- 
pact ionization  of  vapor  by  field  desorbed  ions.  Let  us  assume 
for  the  moment  that  the  pressure  of  vapor  is  uniform  (which  is, 
of  course,  incorrect)  in  order  to  estimate  the  mean  free  path 
with  respect  to  excitation  (or  ionization) . The  cross  section 
for  inelastic  collisions,  i.e.,  electronic  excitations  in  ion- 
atom  collisions  is  = 10”^’  -10”^®  cm^  for  ion  energies  in  the 
range  1-5  KeV.^®  Since  ions  gain  '^^50%  of  their  final  kinetic 
energy  in  "i^lO  r as  indicated  by  Fig.  5 energies  of  the  order  of 

a 


0.1-5K  eV  are  obviously  the  only  ones  of  relevance.  The  mean 
free  path  for  excitation  is  then  X . 


Xi  = (pa^) = kT/(Pa^) 


where  p is  gas  density,  or  if  P is  expressed  in  torr 


X.  = 1.4xlO-^V(aP^^^^) 


where  T = 1400K  has  been  used.  Thus,  for  a = 10“^ ^cm  we  find, 
at  P = 10 ^ torr  (a  value  not  likely  to  be  achievable)  X^  = 1.4cm. 
If  we  assume  that  the  region  where  vapor  pressure  is  appreciable 
in  dimensions  of  10““*  cm,  we  see  that  10““*  ionizing  collisions 
per  field  desorbed  ion  would  occur.  The  situation  would  not  be 
improved  if  P could  somehow  be  raised:  The  cross-section  for 
elastic  collisions  in  which  ion  kinetic  energy  will  be  ef- 
ficiently lost  is  ==  10“^®cm^,  so  that  at  P = 10^  torr  the  mean 
free  path  for  elastic  collisions  is  X^  = lO""*  cm.  Increasing  P 
would  correspondingly  decrease  X^  and  thus  ion  kinetic  energy, 
thereby  increasing  X^.  Ion-atom  collisions  could  therefore  lead 
to  substantial  current  increases  only  if  every  electron  thereby 
released  ionized  on  an  average  of  10®  vapor  atoms  by  avalanching. 
Since  the  cross-section  for  electron  excitation  is  of  order  10“^® 
-10~^®cm^  (for  electron  energies  of  '^^100eV)  and  hence  the  mean 
free  path  for  electron  ionizing  events  also  of  order  10“**  cm  at 
P = 10 ® torr  this  seems  impossible.  Although  the  pressures  to  be 
expected  in  front  of  the  apex  can  be  substantially  increased  by 
polarization  effects,  it  seems  impossible  to  attain  the  values 


-59- 


necessary  for  impact  ionization  over  a sufficient  region  of  space 
to  make  this  mechanism  likely  as  a major  contributor  to  current 
generation.  At  very  high  currents  however,  if  secondary  electrons 
from  the  cathode  are  able  to  reach  the  cone  and  its  vicinity, 
electron  impact  ionization  of  metal  vapor  probably  contributes 
substantially.  Under  these  conditions  however  ion  energies  will 
show  a wide  spread,  and  the  effective  source  size  will  also  have 
increased  substantially  so  that  this  regime  is  of  little  interest 
for  ion-optical  applications. 

The  most  likely  mechanism  for  current  generation  under 
conditions  where  space  charge  limited  field  evaporation  cannot 
account  for  more  than  a fraction  of  the  current  is  probably  field 
ionization.  The  overall  mechanism  can  be  envisaged  as  follows. 
Metal  atoms  evaporating  from  the  cone  in  the  vicinity  of  the  apex 
are  drawn  into  the  high  field  region  by  the  polarization  force, 

H a gradE^  and  are  there  field  ionized.  Thus  supply  from  a region 
much  larger  than  that  corresponding  to  the  immediate  cone  apex  is 
utilized,  and  since  impact  ionization  is  not  involved  low  steady 
state  vapor  densities  present  no  difficulty.  The  electrons  liber- 
ated by  field  ionization  are  accelerated  to  the  cone  and  serve  to 
heat  it.  The  energy  supplied  in  this  way  overcompensates  that 
withdrawn  by  vaporization.  The  latter  is  '^'5  eV/atom;  since  the 
distances  at  which  field  ionization  occurs  probably  lie  between 
0.1  r and  r from  the  surface  the  energy  delivered  per  electron 
is  necessarily  much  greater.  The  reason  that  runaway  heating 
does  not  occur  is  probably  that  the  total  number  of  atoms  evapo- 


rating  exceeds  those  being  ionized  by  a sufficient  factor.  Under 
conditions  where  field  ionization  predominates,  the  field  at  the 
cone  apex  is  probably  reduced  to  the  point  where  field  desorption 
no  longer  occurs.  Under  conditions  of  appreciable  space  charge 
the  potential  drop  between  emitter  and  cathode  is  not  concentrated 
near  the  emitter  as  in  the  absence  of  space  charge  but  distributed 
over  a larger  distance  (Fig.  5) . Consequently  high  fields  are 
also  maintained  over  much  larger  distances,  (Fig.  6)  and  sufficient 
fields  for  field  ionization  still  to  occur  at  1-5  r in  front  of 
the  cone  apex.  The  lifetime  with  respect  to  field  ionization  can 
be  estimated  very  crudely^ ^ from 


1/t  = V e 
e 


-6.8x10^  I ^Ve 


where  is  an  electronic  frequency,  '^>10^^  sec~^  and  I the  ioni- 
zation potential  of  the  atom  being  field  ionized.  For  Ga  I = 6eV 
and  for  E = 10®  volts/cm  x = 2x10”^^  sec.  In  this  time  an  atom 


moving  with  thermal  velocity  moves  'vlOOA.  In  this  distance  the 
high  field  is  not  changing  very  much  under  space  charge  conditions 
and  consequently  the  probability  of  field  ionization  is  high. 

Although  the  probability  of  impact  ionization  or  excita- 
tions by  ions  is  small  as  we  have  seen  it  should  nevertheless 
suffice  to  account  for  the  visible  light  seen  for  I>10  microamperes. 
At  very  high  voltages  and  currents  it  is  conceivable  that  pres- 
sures in  the  apex  region  are  sufficiently  high  to  allow  enough 
multiplication  of  electron  ionization  to  make  field  ionization 
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the  minor  and  electron  impact  ionization  the  major  current  gener- 
ating mechanism.  As  already  indicated  the  primary  source  of 
electrons  under  these  conditions  may  be  secondaries  released 
from  the  cathode  under  ion  impact. 

Unlike  the  electron  emission  case  rxonaway  is  not  observed 
for  ion  emission.  The  reason  is  that  unlike  the  electron  emission 
case  there  is  sufficient  negative  feedback  present  in  all  regimes 
of  ion  emission.  This  is  provided  by  space  charge  and  by  the  fact 
that  a decrease  in  apex  field  leads  to  an  increase  in  apex  radius , 
hence  a further  decrease  in  field  and  thus  to  decreases  in  emis- 
sion which  in  turn  reduce  space  charge  thus  lead  to  increases  in 
field,  etc.  The  reason  space  charge  is  effective  in  ion  but  not 
in  electron  emission  is  of  course  that  the  primary  charge  carriers 
in  ion  generation  are  massive  and  the  counter  charge  carriers, 
which  reduce  space  charge  are  light,  with  the  opposite  situation 
occurring  in  electron  emission. 

Although  it  seems  certain  that  ion-atom  collisions  cannot 
contribute  appreciably  to  ion  current,  such  collisions  may  never- 
theless lead  to  appreciable  broadening  of  the  ion  energy  distri- 
bution, since  elastic  and  charge  exchange  collisions  have  very 
high  cross-sections.  Considerable  broadening  is  also  known  to 
occur  in  field  ionization'^  at  high  fields,  since  then  the  locus 
of  ionization  is  distributed  over  an  appreciable  region  of  space, 
and  hence  of  potential. 

We  must  finally  consider  why  it  is  possible  to  exceed 
the  Taylor  cone  voltage  V without  destroying  the  cone.  The 


(48) 


1394  Y^/r^  < 

where  is  the  field  for  sufficient  field  desorption  to  give 
adequate  space  charge,  i.e.,  to  give  a current  of  say  10”® 
amperes,  and  r is  the  radius  of  curvature  of  the  cone  slightly 
below  its  theoretical  apex.  If  r is  chosen  as  10”’  cm  and  y = 

700  dynes/cm  the  left  hand  side  of  expression  (48)  gives 

E^  < 1.17  10®  volts/cm.  Thus  very  roughly  we  expect  no  droplet 

formation  for  metals  for  which  the  desorption  field  is  of  order 

O 

1 volt/A  and  would  expect  droplet  formation  for  metals  with 
appreciably  higher  evaporation  fields. 

CONCLUSION 

The  foregoing  indicates  that  the  processes  entering  into 
the  operation  of  a liquid  metal  ion  source  are  by  no  means,  simple 
and  that  at  best  a semiquantitative  description  of  the  various 
phenomena  is  possible.  Nevertheless  even  a qualitative  under- 
standing of  these  sources  is  of  some  interest  because  of  their 
potential  value  in  ion  optical  applications  of  various  kinds. 
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answer  can  be  given  only  qualitatively,  but  must  be  that  under 


space  charge  conditions  the  field  is  concentrated  in  the  space 


charge  region,  i.e.,  lines  of  force  are  so  concentrated  that  the 


field  on  the  cone  surface  does  not  appreciably  exceed  the  Taylor 


field.  It  is  obviously  not  practical  to  attempt  a calculation 


of  equilibrium  shape  under  space  charge  conditions  without  far 


more  detailed  knowledge  of  the  actual  current  distribution  tham 


is  available  at  present. 


Droplet  Formation 


Finally  droplet  formation  must  be  discussed  since  its 


occurence  is  undesirable  for  ion  formation  but  desirable  if  the 


object  is  "atomization,"  that  is  the  deliberate  formation  of 


small  droplets.  It  is  clear  that  droplets  must  form  if  the  field 


at  the  cone  apex  amd  down-shaink  from  it  exceeds  the  critical  field. 


Thus,  if  at  the  field  in  the  apex  region  is  insufficient  for 


enough  field  evaporation  to  produce  appreciable  space  charge,  the 


cone  apex  will  be  pulled  out  into  a jet  and  when  the  length  of 


the  latter  exceeds  2iTr,  where  r is  the  jet  radius,  necking  off 


and  hence  droplet  formation  will  occur  in  accordance  with  well 


known  classical  theory.^®  It  should  be  noted  that  the  field  at 


the  apex  is  (in  theory)  infinite  but  of  course  this  region  has 


dimensions  of  less  than  a single  atom.  Thus  the  criterion  just 


spelled  out  applies  to  the  region  immediately  adjacent  to  the 


theoretical  cone  apex.  Formally  we  may  write  from  Eqs . (2) , (3) 


and  (4)  that  droplets  will  form  if 
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ABSTRACT 

For  dynamic  crack  growth  calculations  in  an  elastic, 
homogeneous  material,  the  crack  velocity  should  be  taken  to  be 
a function  of  the  dynamic  stress  singularity.  Existing  equa- 
tions for  the  necessary  stress  and  displacement  fields  are 
plotted  to  show  the  very  marked  distortion  that  increases  from 
10%  at  1/3  the  Rayleigh  wave  velocity  c^^  to  a factor  of  2 at 
2/3  Cj^.  The  crack  opening  between  elements  just  behind  the 
crack  tip  can  be  used  with  these  results  to  obtain  the  dynamic 
stress  singularity,  and  hence,  from  test  data,  the  current 
crack  velocity. 


DYNAMIC  ELASTIC  CRACK  TIP  STRESSES  AND  DISPLACEMENTS 


FOR  COMPUTING  FRACTURE 
F.  A.  McClintock 


INTRODUCTION 

A number  of  computer  codes  can  treat  elasto-dynamic 
problems  in  considerable  detail.  For  brittle  fracture,  how- 
ever, they  often  simply  postulate  that  fracture  occurs  in  an 
element  when  the  stress  in  that  element  reaches  a critical  value. 
Such  a criterion  implies  a value  of  the  critical  stress  inten- 
sity factor  which  depends  on  the  cell  size  of  the  finite  element 
or  finite  difference  code.  For  instance,  for  static  elastic 
cracking,  a square  element  of  size  d adjacent  to  a crack  with 
stress  intensity  will  experience  a stress  at  its  center  of 

022  ^ Kj//2TT(d/2)  . (1) 

With  a critical  fracture  stress  criterion,  then,  the  critical 
stress  intensity  factor  is  in  effect  being  assumed  to  be  set 
by  the  fracture  stress  o^  and  cell  size  d from  Eq.  (1) : 

Kfc  = o^/ifd  . (2) 

Many  static  elastic  codes  account  for  this  by  introducing 
special  elements  which  allow  calculating  the  stress  intensity 
factor  in  terms  of  the  displacements  of  nearby  elements  (the 
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displacements  seem  to  give  better  results  than  using  the  stresses 
in  nearby  elements) . 

For  Mode  I the  stress  singularity  for  a dynamic  crack 

(Rice,  ■’968)  and  the  general  solution  for  a growing  crack  (Tsai, 

1974)  are  already  known.  Plots  for  individual  stress  components 

have  been  presented  for  both  orthotrophy  and  isotropy  (Achenbach 

and  Bazant,  1975) . It  is  the  object  of  this  note  to  gather  the 

complete  set  of  isotropic  equations  for  the  singularities  in 

stress  and  displacement,  to  plot  the  results  in  more  pictorial 

form,  and  incidentally  to  discuss  the  limitating  behavior  as  the 

Reynolds  number  approaches  unity. 

Stress  Fields  Around  Tips  of  Growing  Cracks 

The  dynamic  elastic  stress  and  displacement  fields  for 

Mode  I involve  the  ratio  of  shear  wave  speed  c to  uniaxial 

s 

strain  (longitudinal)  wave  speed,  c^,  which  is  obtained  from  the 
ratio  of  shear  to  uniaxial  strain  moduli: 

Cg/c^  = /G(l+v) (l-2v)/(E(lv) ) = /(l-2v)/(2(l-v) ) . (3) 

Consider  physical  x^,  ^2  and  r,  0 coordinates  fixed  to  the  tip 
of  the  crack,  moving  in  the  x^^  direction: 

x^  = r cos  9,  X2  = r sin  6 . (4) 

It  is  convenient  to  define  relativistic  coordinates  in  terms  of 
lateral  contraction  ratios,  expressed  in  terms  of  the  crack 
velocity  V relative  to  the  wave  speeds: 


(5) 


al  = l-(V/c^)2  , 


a^=l-(V/c^)^  • 


Dilational  and  shear  contracted  coordinates  are  now  defined: 
Pj,  ^ ~ ct^sin^S)*^,  = tan”^(a^  tan9)  , 


p = r /r  = (cos^9  + a^sin^9)*^,  9 = tan”^  (a  tan9) 

s s s s s 


A constant  coefficient  D is  in  turn  defined  in  terms  of  the 
contraction  ratios : 


D = (4agaj^  - (l+a|)  M / (l+a| ) . 


The  results  may  be  normalized  in  terms  of  the  applied 
stress  intensity  and  radius  r.  Alternatively,  for  Mode  I 

this  normalization  can  be  expressed  through  the  approximate 
static  plastic  zone  found  from  the  elastic  stress  field.  In 
terms  of  the  tensile  yield  strength  Y,  define 


ryi  = (Kj/Y)  V(2tt)  . 


(Numerical  elastic-plastic  results  in  Mode  I,  e.g.,  by  Tracey 
(1976)  give  a maximum  radius  only  about  10%  larger  than  this.) 
Normalized  this  way.  Rice  (1968)  gives  the  stress  as 


Kj//27Fr 


^ i (lt2aj-a|) 


cos(9j^/2)  cos(9g/2)"| 


1+a^ 

S 


K^//2iTr 


^ ^ "22  = h 


cos(9-/2)  4a^a5  cos(9  /2) 
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Kj^//2iTr 


" / ^YII 


(1+a^) 


(1+a^)  cos(e^/2)1 
s s 

2a_  5 


where  is  defined  as  K^j/(2-n-Y^)  and  is  about  1/3  the  apparent 

plastic  zone  size  calculated  from  the  purely  elastic  distribution. 
For  either  mode  in  plane  strain,  the  out-of-plane  normal  stress  is 


a 


= v(a,,+a-») 


(12) 


Pending  elastic-plastic  and  preferably  strain-rate  de- 


pendent solutions  for  cracks  traveling  at  an  appreciable  fraction 


of  sound  speed,  it  may  be  helpful  to  visualize  the  stress  with 


the  contour  lines  at  which  yield  would  be  exceeded  if  the  elastic 


solution  were  valid.  For  Mode  I static  cracks  this  procedure. 


illustrated  by  McClintock  and  Irwin  (1965) , gave  results  which 


were  surprisingly  close  to  the  numerical  calculations  of  Levy 


et  al.  (1971)  and  Tracey  (1976),  perhaps  because  the  plastic  flow 


is  off  to  the  side.  For  Mode  III,  where  as  here  the  high  equiva- 


lent stress  is  ahead  of  the  crack,  the  actual  plastic  zone  ex- 


tends twice  as  far  as  expected  from  the  elastic  colution  alone 


(McClintock  and  Irwin,  1969;  Chitaley  and  McClintock,  1971).  In 


any  event,  for  both  modes  considered  here,  the  yield  criteria  are 


31  ‘ . ‘^YI.II  1 


I (S1I-S22) ' + (S22-S33> " * <=33-=ll' ' * ' 


The  non-dimensional  apparent  yield  radii  (r^/r^^)  and  (r^/r^jj) 


are  found  as  functions  of  0 by  equating  Eq.  (13)  to  unity,  and 


introducing  or  S^j,  as  desired. 


Displacement  Fields  Around  Tips  of  Growing  Cracks 


The  displacement  fields  are  useful  in  numerical  calcu- 


lations. For  Mode  I,  Rice's  (1968)  Eqs . (145)  and  (146)  give 


the  functions  4>  and  'i'  for  the  Irrotational  and  solenoidal  parts 


of  displacement  field  in  terms  of  the  contracted  coordinates 


and  two  coefficients  A and  B by 
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X * - I ' 


where  in  terms  of  the  coefficient  D of  Eq.  (7) , 


^ = I 


3/TnGD 


1+a^ 

s 


In  terms  of  these  functions,  the  displacement  components  are 


8$  d'V 
_ 0 0 , 

3Xj  3x2 


3<I>  34' 

_ 0 _ 0 

’^2  3x^ 


A change  of  variable  gives  the  derivatives  in  terms  of  the 
contracted  coordinates  of  Eq.  (6).  For  example. 


3$  3 „ 

0 i 


3$  30„ 

0 a 


3Xj  3r^  3xi  36jj^  3Xj 

The  derivatives  are  found  from  the  contracted  coordinates  ex- 
pressed as  functions  of  the  original  coordinates  and  the  con- 
traction ratios.  For  example,  for  the  uniaxial  strain 
(longitudinal)  coordinates  r^,  0^, 


j—  = X.Aj  > cos6j,  ^ 


^ = -sine^/rj,  ^ - “iX./rJ  = a^cosOj/r^. 


Carrying  out  the  indicated  operations  and  introducing  the 
trigonometric  identities  for  sums  and  differences  of  angles  gives 
the  four  derivatives: 


1 


^ 1 ^ , 

jr^jcos  (0^/2)  , = jr^a^sin(9^/2) 


||Ain(9^/2),  i^  = 


It  is  convenient  to  express  the  displacements  by  normal- 
izing them  in  terms  of  the  nominal  static  yield  radius  multiplied 
by  yield  strain.  Dividing  out  also  by  the  dimensionless  radius 
and  introducing  the  definitions  of  A and  B (Eqs.  15)  yields  non- 
dimensional  displacements  as  functions  only  of  contracted  co- 


ordinates : 


/r72¥  Kj/E  rYj(Y/E)  (r/r^^.) 


^ 4(l+v) 


l 2 s s 2 

s ' 


4 (l+v)  \ h . J5  . ®s 

= 7-  = ^ pJ‘a„sin-5-  + p"sin-:5-  . 

^772^  K^/E  r^^(Y/E) (r/r^^)^  D ^ ^ ^ z ^^^2  s 2 


Again  terms  of  order  (V/c) ^ must  be  kept  in  the  numerator  to 
recover  the  static  displacement  field. 


For  Mode  II,  Freund  (1975)  gives  the  displacements,  which 
may  be  presented  in  the  form 


4 ( l+v) a 


/r72?  K^j/E  r^jjCY/E) (r/r^j^) 


1+ai 


- PgSin(0g/2) 


U2 _ — L_s  p^cos(0./2)  - p^cos(9  /2) 


Results 

The  stress  and  displacement  fields  were  evaluated  for 
constant  fractions  of  the  Rayleigh  (surface)  wave  speed,  related 
to  the  shear  wave  speed  by  a cubic  equation  which  can  be  stated 
in  the  form  (Fliigge,  1962) 


1 - 


16(l-(c^/Cg) (Cg/c^)) 


Rather  than  solve  the  cubic  of  Eq.  (22)  , it  seemed  quiclcer  to 
evaluate  it  by  successive  approximations,  initially  using  an 
approximation  of  0.9  in  the  right  hand  side,  and  then  repeatedly 
substituting  the  result  into  the  right  hand  side  until  conver- 
gence, using  a programmable  calculator. 

The  stresses  and  displacements  for  Modes  I and  II,  from 
Eqs.  (9),  (11),  (13),  (20),  and  (21),  are  presented  in  Tables  1.1 
and  1.2  for  various  Mach  numbers  relative  to  the  Rayleigh  wave 
velocity,  c„.  Values  of  Poisson's  ratio  were  taken  at  regular 
intervals  corresponding  roughly  to  ionic  solids  (v  = 2/8)  , steel 
(v  = 2/7),  and  aluminum  (v  = 2/6).  Since  the  effect  of  Poisson's 
ratio  was  regular,  and  only  changed  the  results  by  10%  from  the 
median  value,  its  effect  is  given  in  Tables  2.1  and  2.2  only  for 
V/Cj^  = 0.01  and  0.99. 

The  stress  is  of  interest  primarily  for  a fracture 
criterion,  which  really  depends  on  non-linear  atomic  or  plastic 
processes.  Because  these  are  still  uncertain,  and  may  depend  on 
shear  as  well  as  normal  components  on  either  radial  or  arbitrary 
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planes,  we  present  complete  information  on  the  stress  in 
pictorial  form,  Figs.  1 and  2.  The  yield  tendency  is  indicated 
by  the  normalized  radius  at  which  yield  would  occur  if  the 
elastic  stress  distribution  held  (Fig.  1) . Statically  the  stress 
is  biaxial  in  front  of  the  crack  and  the  only  yield  tendency 
comes  from  out-of-plane  strain  due  to  compressibility.  At  high 
Mach  numbers  it  appears  that  the  shear  stress  above  and  below  the 
crack  tip  has  less  effect  on  the  material  ahead  of  the  crack,  so 
the  circumferential  stress  falls  off,  leaving  uniaxial  tension 
in  front  of  the  crack.  This  gives  a tongue  of  apparent  yielding, 
an  extended  zone  ahead  of  the  crack.  In  the  limit  at  high  speeds, 
the  radii  to  the  apparent  plastic  zone  vary  as  1/ (1-V/Cj^)  ^ , and 
the  stress  at  a given  radius  as  l/(l-VCj^). 

The  components  of  stress  are  illustrated  by  the  principal 
stress  vectors  at  the  apparent  elastic-plastic  boundary,  shown  in 
Fig.  2.  Large  values  occur  where  the  stress  is  nearly  biaxial, 
and  the  plastic  zone  is  close  to  the  crack  tip.  In  the  limit  as 
V/Cj^  -*■  1,  the  stress  is  almost,  but  definitely  not  quite,  biaxial 
for  0 between  72°  and  73°.  There  are  sudden  changes  in  principal 
stress  directions  wherever  the  stress  is  nearly  biaxial,  but  the 
stress  components  still  vary  gradually. 

The  displacement  field,  like  the  stress  field,  is 
relatively  unaffected  for  Rayleigh  Mach  numbers  below  0.4.  Above 
that  speed  the  displacements  increase,  ultimately  varying  as 

l/(l-V/c_).  The  displacements  in  front  of  the  crack  then  become 
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drawn  in,  as  expected  from  the  uniaxial  stress  field  that  de- 
velops there. 

The  results  for  Mode  II  are  presented  in  Table  1.2  and 
Figs.  5-8.  Again  the  stress  and  displacement  vary  in  the  limit 
as  1/(1-V/Cj^),  shear  effects  do  not  penetrate  far  ahead  of  the 
crack  tip,  and  there  is  a rather  sudden  change  in  the  displace- 
ment field  near  V/Cj^  = 0.9,  before  settling  down  to  the  limit. 

The  results  agree  with  the  plots  of  Achenbach  and  Bazant  (1975) 
obtained  from  the  limiting  orthotropic  case,  except  for  their 
apparent  error  in  the  sign  of  u^ . A downward  displacement  in 
front  of  the  crack  is  necessary  to  match  the  static  limit  (e.g.. 
Rice,  1968,  and  others)  and,  considering  the  curvilinear  co- 
ordinates, to  give  the  positive  shear  stress  which  is  found. 

Use  of  the  Dynamic  Stress  and  Displacement  Fields 

In  interpreting  test  data,  the  applied  loads  and  the 
macroscopic  crack  geometry  are  known.  Hence  a dynamic  numerical 
analysis  provides  displacements  near  the  crack  tip.  Displace- 
ments might  also  be  obtained  experimentally.  Equations  (20)  and 
(21)  should  then  yield  the  dynamic  stress  intensity  factors, 
and  for  that  velocity.  From  a series  of  specimens  at 

different  applied  loads,  or  from  a single  specimen  with  relative- 
ly slowly  varying  velocity,  the  dependence  of  on  crack  Mach 
number  can  be  obtained. 

To  use  these  data  predictively , one  could  use  a set  of 
relative  displacement  components  at  radii  r around  the  crack  tip 
to  provide  an  estimate  of  K from  the  extrapolated  crack  position 


and  velocity:  u(K,r,V) . The  subsequent  crack  velocity  would 
then  be  found  from  the  stress  intensity  factor.  The  process 
could  be  iterated. 

It  does  not  appear  that  the  fracture  criteria  required 
to  predict  crack  branching  are  available.  What  is  needed  is  to 
apply  computer  codes  to  some  of  the  best  experiments  available 
and  see  what  fracture  criteria  will  adequately  predict  the 
mirror  surface,  the  roughening  region,  observed  crack  velocities, 
and  forking,  as  well  as,  for  example,  the  breaking  out  of  a chip 
at  the  back  side  of  a specimen  (Kinra  and  Kolsky,  1976) . (The 
reader  can  observe  the  phenomenon  by  breaking  a piece  of  chalk.) 
With  these  predictions  made  and  verified,  one  should  have  fair 
faith  in  the  fracture  criteria  and  in  the  code. 

Conclusions 

Dynamic  effects  reach  10%  at  about  1/3  the  Rayleigh  wave 
velocity  (1/5  the  uniaxial  strain  or  longitudinal  wave  velocity) . 
They  reach  a factor  of  2 at  about  2/3  the  Rayleigh  (2/5  the 
longitudinal)  wave  velocity.  In  the  limit,  stress  and  displace- 
ment vary  as  1/(1-V/Cj^)  . 

The  main  distortion  of  the  stress  field  consists  of  a 
uniaxial  stress  ahead  of  the  crack,  in  the  direction  of  crack 
growth,  tending  to  produce  a tongue  of  plastic  strain. 

It  appears  possible  to  find  stress  intensity  as  a func- 
tion of  velocity  from  experiments  by  measuring  or  analyzing  for 
displacements  behind  the  tip  of  a growing  crack.  Such  data 
could  then  be  used  in  numerical  calculations  to  predict  crack 
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velocity  as  a function  of  load  history  in  untested  parts. 
Questions  of  micro  or  macro  crack  branching  await  the  combina- 
tion of  such  studies  with  fracture  criteria,  to  see  whether  the 
usual  assumption  of  cracking  at  a critical  intensity  on  a radial 
plane  is  still  adequate. 

ACKNOWLEDGEMENTS 

This  research  was  supported  by  the  Defense  Advanced 
Research  Projects  Agency  of  the  Department  of  Defense  under 
Contract  No.  MDA903-76C-0250  with  The  University  of  Michigan. 


i 

I 

i 


V/Cp  =0.0,  0.01 


07  0.99 


Figure  2 


\ 

Cr/Y= 2.333 


Principal  stress  components  at  apparent  yield  for 
Mode  I,  a./Y,  a^/Y.  v = 2/7. 
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Figure  6.  Principal  stress  components  at  apparent  yield  for 
Mode  II,  a^/Y,  a^/Y.  v = 2/7. 
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TABLE  1.1  STRESS  AhD  DISPLFH^EMEMT  FOR  DYMAMIC  MODE  I CRACK  TIP 


POISSOM 

' S RATIO » MU  = 2.^7,  CR/'CL  = 

<<PRIN  STRSS>.''Y><R/RY 

0.506734. 

'<  ♦♦ . 5 U"' 

CR/CS  = 0.925165 

YCY/'EXR^RYn^^.S^ 

THETA 

V'CR  = 

RWRYI 

0.01 

SI 

S2  THETA  1 

/V 

U 

THETA  U 

0.1 

0.1837 

2.3354 

2.3313 

44.0 

1 . 1 022 

0.0 

15.0 

0 .2308 

2.3332 

1 .7945 

56 . 2 

1 .1460 

7.5 

30.0 

0.3589 

2 . 0298 

1 .1952 

67.5 

1 .2744 

15.0 

45.0 

0.5318 

1 .7518 

0.7821 

78.7 

1 .4787 

22.5 

60.0 

0.7003 

1 .5524 

0.5175 

90.0 

1 .7450 

30.0 

75 . 0 

0.3154 

1 .4135 

0.3437 

101  .3 

2 . 055 1 

37.5 

9 0 . 0 

0.8419 

1 .3;  156 

0.2257 

112.5 

2 .3879 

45.0 

1 05 . 0 

0 .7679 

1 .2459 

0.1435 

123.8 

L.  • 1 ^ U 1 

52.5 

120.0 

0 .6085 

1 .1961 

0 . 0858 

135.0 

3 . 0303 

60.0 

135.0 

0.4020 

1 .1613 

0 . 0459 

146.3 

3.2971 

67.5 

150.0 

0.1998 

1 .1383 

0.0197 

157.5 

3.5014 

75.0 

165.0 

0 . 0534 

1 .1251 

0 . 0 048 

168,3 

3 .6299 

82.5 

179.9 

•...■■-CR  = 

0.0000 

0.30 

1 .1209 

-0.0000 

179.9 

3 . 6737 

90.0 

0.1 

0.1993 

2 .3880 

2.2402 

0.8 

1 .2232 

0.0 

15.0 

0.2427 

2.3418 

1 .8138 

49.0 

1 .2651 

6.5 

30.0 

0 .3636 

2 . 0644 

1 .2519 

64.1 

1 .3883 

13.3 

45.0 

0.5367 

1 .7862 

0 .3300 

i'  ( . 0 

1 .5839 

20.4 

60 . 0 

0.7238 

1 .5723 

0 ,5430 

89 .5 

1 .8551 

27.9 

75.0 

0.3774 

1 .4153 

0 .3460 

101  .7 

2.1723 

35.7 

90 . 0 

0.9461 

1 .3016 

0.2091 

113.6 

2.5199 

43  .6 

i 

105.0 

0 .8929 

1 .2210 

0.1147 

125.2 

2 . 8 f ' 4 

51  .6 

120.0 

0.7201 

1 . 1660 

0.0512 

136.5 

3.2063 

59.5 

135.0 

0 .4763 

1 .1302 

0.0106 

147.5 

3.4938 

67.3 

150.0 

0.2347 

1 . 1 087 

-0.0138 

158.4 

3.7147 

74.9 

165.0 

0.0621 

1 , 0974 

-0.0265 

169.2 

3.8535 

82.5 

179.9 

V./CR  = 

0.0000 

0.40 

1 . 0939 

-0.0304 

179.9 

3 . 9 0 08 

90.0 

0.1 

0.2199 

2.4037 

2.1325 

0.4 

1 .3355 

0.0 

'1 

15.0 

0.2595 

2 .3374 

1 .3064 

42  .6 

1 .3758 

5 .7 

1 

30.0 

0.3723 

2 . 088 1 

1 .2919 

60.9 

1 .4958 

11.9 

45.0 

0.5418 

1 ,8165 

0.3729 

75.4 

1 . 692  0 

13.7 

60 . 0 

0,7429 

1 .5916 

0.5680 

89 . 0 

1 .9576 

26.2 

] 

75 . 0 

0.9338 

1 .4179 

0 . 3492 

1 02 . 0 

2.2804 

34.2 

- J 

9 0 . 0 

1 . 0487 

1 .2895 

0.1948 

114.5 

2.6407 

42.5 

1 05 . 0 

1 .0203 

1 .1999 

0.0902 

126.4 

3 . 0 1 26 

50.8 

* 1 

: ) 

120.0 

0.8340 

1 .1413 

0 . 0232 

137 .7 

3 . 366 1 

59 . 0 

. J 

135.0 

0.5508 

1 . 1 057 

-0.0172 

148.5 

3 .6727 

67.1 

150 . 0 

0 .2690 

1 . 0853 

-0.0395 

159.1 

3 .9086 

74.9 

■ \ 

165.0 

0.0705 

1 . 0761 

-0.0504 

169 .6 

4 . 0567 

82.5 

179.9 

0.0000 

1 . 0733 

-0.0535 

-88- 

179.9 

4,1071 

90.0 

■/ 

J 

i 


TABLE  1 . 1 j CDMT , MODE  I » MU  = 2/7 


t<PRIM  STRSS>/Y><R/RY>^^.5j  U/C <Y/E><R^RYI 


• • 

THETA 

RY/RYI 

SI 

S£  THETA  1 

U 

THETA  1 

I ■ 

V''CR  = 

0 

.50 

, , 

0.1 

0 .2640 

£.3795 

1 .9463 

0.3 

1 .5109 

0.0 

15.0 

0 .2973 

2.3112 

1 .7366 

34.3 

1 .5491 

4.8 

30.0 

0.3946 

2 . 1 093 

1 .3284 

55.8 

1 .6638 

10.1 

45.0 

0.5524 

1 .3598 

0.9351 

72.7 

1 .8544 

16.5 

t>  0 . 0 

0 .7686 

1 .6231 

0 .6090 

88.1 

2.1184 

23.8 

75 . 0 

1 .0203 

1 .4230 

0.3555 

102.5 

2.4483 

32.1 

■?  0 . 0 

1 .2211 

1 .2720 

0.1741 

115.8 

2 . 8268 

40.9 

1 • 

1 05 . 0 

1 .2419 

1 .1702 

0 . 0560 

123.0 

3 .2260 

49.7 

120.0 

1 .0314 

1 . 1 082 

-0.0143 

139.2 

3.6107 

58.4 

135.0 

0.6774 

1 . 0739 

-0.0529 

149.8 

3.9464 

66 .8 

1 • 

150.0 

0 .3260 

1 . 0567 

-0.0720 

160.0 

4.2048 

74.8 

165.0 

0 . 0844 

1 . 0492 

-0.0803 

170.1 

4 . 367  0 

82.5 

179.9 

0.00  0 0 

1 . 0472 

-0.0826 

179.9 

4.4222 

90.0 

* • 

V-CR  = 

0 

.60 

-■ 

0.1 

0 .3650 

2.2770 

1 .6552 

0.2 

1 .792  0 

0.0 

; 

^ 

15.0 

0.3871 

2.2334 

1 .5613 

25.7 

1 .8276 

3.6 

30.0 

0 .4540 

2 . 1 083 

1 .3266 

48  .2 

1 .9353 

7.9 

45.0 

0 .5787 

1 .9160 

1.0181 

68  .2 

2.1176 

13.5 

1 

t 

60 . 0 

0 .8021 

1 .675 1 

0 . 678  U 

86 .7 

£ . 373  0 

20.7 

75 . 0 

1 .1558 

1 .4334 

0 .3682 

103.3 

£ .7162 

£9.2 

90.0 

1 .5302 

1 . 246  >' 

0.1446 

117.6 

3 . 1202 

3 8 . 6 

1 05 . 0 

1 .6577 

1.1297 

0 . 0 099 

130.0 

3 .5605 

48.3 

120.0 

1 .3980 

1 . 0658 

-0.0619 

141.1 

3.9933 

57.7 

135.0 

0 .9054 

1 . 0343 

-0 . 0963 

151  .4 

4.3739 

66.5 

150.0 

0 .4260 

1 .0217 

—0.11 08 

161.1 

4 . 6675 

74.7 

165.0 

0 . 1 083 

1 .0171 

-0.1159 

170.6 

4.8514 

82.5 

179.9 

0.0000 

1 .0161 

-0.1170 

179.9 

4.9140 

9 0 . 0 

\ ^ 

V/CR  = 

0 

.70 

0 . 1 

0.6285 

2.0700 

1 .2614 

0.1 

2.2795 

0 . 0 

15.0 

0 .6285 

2 , 0633 

1 .2502 

18.4 

2.31 16 

/; 

30 .0 

0 .6297 

£ . 0404 

1 .2124 

38 . 0 

2.4097 

i - 

45 . 0 

0 .6618 

1 .9695 

1 . 0997 

60.2 

£ . 5798 

9.8 

60.0 

0 .8486 

1 .7655 

0.8011 

84 . 0 

2.8324 

16.5 

7 • 

75 . 0 

1 .3844. 

1 .4548 

0 . 3946 

104.4 

3.1790 

25.2 

is 

90 . 0 

2 . 1 686 

1 .2098 

0.1017 

120.1 

3.6196 

35,5 

1 05 . 0 

2.5632 

1 . 0754 

-0.0511 

132.7 

4 . 125  0 

46.3 

I " 

120.0 

2.1789 

1 .0134 

-0.1200 

143.5 

4.6370 

56 .7 

135.0 

1 .3705 

0 . 9888 

-0.1470 

153.2 

5 . 0925 

66 . 1 

150.0 

0.6233 

0.9813 

-0.1552 

162.4 

5.4442 

74.6 

165.0 

0.1547 

0 .9802 

-0.1564 

171  .3 

5 .6643 

32.4 

T • 

/ • 

179.9 

0.00  0 0 

0.9803 

-0.1562 

179.9 

5.7390 

90.0 

li 


I 

li 


|l 
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TfiBLE  1.1?  CONT . MnCE  I ? MU  = 

C<PRIM  STRSS>^Y:jc:p/RY>^>.5  U/<<Y/'E><R^RYI)^4^.5> 


THETfl 

RY^RYI 

SI 

S2  THETft  1 

LI 

THETfl  1 

V.-'CR  = 
0.1 

0 .SO 

1 .5126 

1 .7741 

0.8131 

0.1 

3.2729 

0.0 

15.0 

1 .4592 

1 .7888 

0 .8336 

12.9 

3.3000 

0.7 

30.0 

1 .2369 

1 .8420 

0 .9093 

27  .3 

3.3840 

2.1 

45.0 

1 .0200 

1 .9425 

1 . 0582 

46  .6 

3.5342 

5.3 

€■0.0 

0 .9479 

1 .9256 

1 . 0324 

77.4 

3 .7696 

10.9 

75.0 

1 .84  00 

1 .5028 

0.4546 

106.3 

4.1211 

19.7 

90.0 

3.9073 

1 .1535 

0 . 037  0 

123.7 

4.6174 

31  .2 

1 05 . 0 

5.1782 

1.0041 

-0.1302 

136.0 

5.2408 

43.6 

lEO.O 

4.3335 

0 .9508 

-0.1883 

146.2 

5 .9048 

55.3 

135.0 

2 .5786 

0 .9365 

-0.2039 

155.3 

6.5053 

65.5 

150.0 

1 .1155 

0.9362 

-0.2042 

163.8 

6.9693 

74.4 

1 €.5 . 0 

0 .2684 

0.9391 

-0.2011 

172.0 

7.2597 

82.4 

179.9 

0 . 0 0 0 0 

0 .9404 

-0.1996 

179.9 

7 . 3579 

90.0 

V'CR  = 
0.1 

0 . 9 0 

6 .9605 

1 .4422 

0.3790 

0.1 

6 .2533 

- 0 . 0 

15.0 

•d  .68*5*7^ 

1 .4557 

0 . 3958 

9.0 

6 .27  06 

-1 .0 

30 . 0 

5.7509 

1 .5100 

0 . 4636 

18.6 

6.3254 

-1  .4 

45 . 0 

3.9058 

1 .6676 

0 . 6679 

30.5 

6 .4328 

-0.4 

€■0 . 0 

1 .7331 

2 . 0755 

1 .2706 

55.6 

6 « 

3 -5 

75 . 0 

3.2479 

1 .6344 

0 .6239 

110.2 

6 .9588 

11.6 

9 0 . 0 

13.0324 

1 . 0628 

— 0 . 0652 

128.7 

7.5574 

24.5 

1 05 . 0 

19.6631 

0.9122 

-0  .2300 

140 . 0 

8.4812 

39.7 

120.0 

15  .2202 

0.8790 

- 0 . 2656 

149.3 

9.5705 

53.6 

135.0 

8.1852 

0.8793 

-0  .2654 

157.7 

1 0 .5832 

64.9 

150.0 

3.2951 

0.8874 

-0.2567 

165.4 

11 .3678 

74,3 

1€.5.0 

0 .7620 

0 .8943 

-0  .2493 

172.8 

11 .8561 

82.4 

179  .9 

0 . 0 0 0 0 

0.3969 

—0 .2465 

180. 0 

12.0212 

90.0 

V-CR  = 
0 . 1 

0.99 

796 . 0292 

1.1521 

0 . 0354 

0 . 0 

58.9705 

- 0 . 0 

15.0 

778  .7952 

1 . i o t‘  0 

0 . 041 0 

6.3 

-2.8 

3 0 . 0 

711  .9910 

1 . 1776 

u • 

12.3 

5y .5375 

-5.1 

- 

45 . 0 

547.3641 

1 .2452 

0.1427 

19.7 

58.1203 

—6  .6 

60 . 0 

234.5932 

1 .5360 

0 . 4966 

27.3 

57.7344 

—5  .7 

75.0 

73 . 09  05 

2 . 0855 

1 .2875 

125.2 

57 . €'274 

-0.0 

9 0 . 0 

1266 .7075 

0.9234 

-0.2127 

134.8 

58 . 985  0 

14.2 

1 05 . 0 

2029.91 12 

0.3103 

-0  .3385 

144.1 

64 .2511 

34.2 

• 

12  0. 0 

1266  .2131 

0.8084 

-0.3405 

152.5 

72.4102 

51  .4 

135.0 

579.9428 

0.8251 

-0  .3229 

160,0 

80 .3316 

64.2 

150.0 

213.2879 

0.8412 

- 0 . 3 059 

1 67 . 0 

86.5705 

74.1 

165.0 

47.1763 

0.8516 

-0.2949 

173.6 

90.4075 

82.4 

179.9 

0.0020 

0.3551 

-0.2911 

180.0 

91 .7017 

90.0 

-90 
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TABLE  1.2  STRESS  AHD  DISPLACEflEMT  FDR  DYMRMIC  MODE  II  CPRCK  TIP 


POISSON 

'S  RATIO, 

NU  =2/7 

, CR/CL  = 

0.506734 

!>  CR/CS  = 0 

.925165 

<<;pRiN  strss>^  y><:r/ry 

>♦♦.5 

1.1/  < < Y /E  > < R>R  Y I>  : 

THETfl 

RY^'RYI 

SI 

S2  THETA  1 

/N 

IJ 

THETfl  1 

V.'-C.R  = 

0 

.01 

0.1 

3 . 0000 

0 .5768 

-0.5779 

45.1 

1 . 1 022 

-89.7 

15.0 

2.8524 

0.4997 

-0.6543 

52.4 

1 .3252 

-52.4 

30.0 

2 .4498 

0.4105 

-0.7413 

59.4 

1.81 03 

-29.7 

45.0 

1 .9020 

0.2958 

— 0 .35  0 7 

65.5 

2.3437 

— 16.6 

60.0 

1 .3585 

0.1385 

-0  .9965 

69  .6 

2.8292 

-8.1 

75 . 0 

0 .9688 

-0.0618 

-1 .1752 

70.3 

3 .2233 

-2.1 

90.0 

0.8418 

-0.2258 

-1  .3157 

67 .5 

3.5092 

2.1 

105.0 

1.0163 

-0.2435 

-1  .3305 

64.1*' 

3.6839 

4.9 

120.0 

1 .4503 

-0.1699 

-1  .2684 

65.4 

3 .7609 

6.3 

135.0 

2.0319 

-0 . 0935 

-1  .2028 

69.5 

3.7652 

6.4 

150.0 

2.6091 

-0.0400 

-1 .1561 

75  .6 

3.7299 

5.2 

165 . 0 

3 . 03  0 0 

-0.0097 

-1 .1295 

82  .6 

3.6903 

2.9 

179.9 

3.1839 

- 0 .0000 

-1.1209 

90.0 

3 .6736 

0 . 0 

= 

0 

.30 

0.1 

3 . 0 0 0 0 

0 .576'S 

-0.5779 

45.1 

1 .2232 

-39.7 

15.0 

2.8650 

0 .4983 

-0.6558 

52.6 

1 .4300 

-54.7 

30.0 

2.4880 

0.4078 

-0  .7439 

59.8 

1 .8957 

-32.1 

45.0 

1 .9527 

0.2917 

-0  .8546 

66 . 2 

2.4228 

-18.4 

60.0 

1 .3933 

0.1299 

-1  . 0043 

70.7 

2.91 15 

—9 .2 

75.0 

0.9713 

-0 . 0846 

-1 .1950 

71  .8 

3.3130 

-2.7 

90 . 0 

0.8275 

-0.2653 

-1  .3487 

68.5 

3 .6051 

1 .8 

105.0 

1 . 0249 

-0.2731 

-1  .3553 

64.9 

3 .7346 

4.9 

120.0 

1 .5166 

-0.1817 

-1  .2785 

65.6 

3 .8648 

6.4 

135.0 

2.1633 

- 0 . 0966 

-1  .2054 

69 .8 

3 .3725 

6.4 

150.0 

2 .7878 

-0.0403 

-1 .1564 

75.9 

3.8413 

5.2 

165.0 

3.2318 

- 0 . 0 097 

-1 .1294 

32 . 8 

3.8065 

2.9 

179.9 

3.3917 

- . 0 0 0 0 

-1 .1209 

9 0 . 0 

3.7916 

0 . 0 

Vx'CR  = 

0 

.40 

0.1 

3 . 0 0 0 0 

0.5768 

-0 .5779 

45.1 

1 .3355 

-89 .8 

15.0 

2 .8754 

0.4969 

-0.6571 

52.7 

1 .5291 

—56  .6 

30 . 0 

2.5204 

0 .4054 

-0  .7463 

60.2 

1 .9774 

-34 . 1 

45.0 

1 .9979 

0 .288  0 

-0 .8580 

So  • '? 

2.4974 

-19.9 

6 0 . 0 

1 .4264 

0.1228 

-1  .0108 

71  .8 

2.9873 

-1  0.2 

75.0 

0.9747 

-0.1043 

-1  .2121 

73.1 

3.3942 

— O O 

90 . 0 

0.8131 

-0  .3019 

-1  .3791 

69.4 

3 . 69 1 8 

1 .6 

1 05 . 0 

1 . 03  07 

-0.3  0 0 0 

-1  .3775 

65.2 

3.8750 

4.8 

120.0 

1 .5766 

-0.1916 

— 1 .2869 

65.8 

3.9579 

6 . 4 

135.0 

2.2840 

- 0 . 0989 

— 1 . cl  0 »"  5 

70.0 

3 .9635 

6.5 

150.0 

2.9517 

-0 . 0406 

-1 .1566 

76.1 

3.9416 

5.2 

165.0 

3.4165 

-0 .0096 

-1 .1294 

82.9 

3 .9098 

2.9 

179.9 

3.5818 

-0.0  0 0 0 

-1 .1209 

90 . 0 

3.8964 

0 . 0 
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<’'PRIM  STRSS>>'Y:)  U^<<Y/E><P>RYI>^^.5> 


THETfl 

RY/RYI 

31  32 

THETfi  1 

IJ 

THETR 

V.-'CR  = 
0 . 1 

0.50 

3.0000 

0.5763  -0.5779 

45.1 

1 .5109 

-89.! 

15.0 

2 .3393 

0.4943  -0.6592 

53 . 0 

1 • 6*366 

-59.  i 

30 . 0 

2 .5663 

0.4015  -0.7499 

60.7 

2 . 1 OSS 

-36 . ' 

45.0 

2 . 0662 

0.2827  —0.3631 

67.9 

2.6159 

-22. 

6 0 . 0 

1 .4806 

0.1131  -1.0196 

73.4 

3 . 1 054 

-11 

75.0 

0.9331 

-0.1322  -1.2361 

75  .2 

3.5136 

— 4.i 

90.0 

0.7898 

-0.3591  -1.4260 

70.3 

3 .3234 

1 .; 

1 05 . 0 

1 . 0366 

-0  .3403  -1 .41 1 0 

65  .5 

4.0113 

4.: 

120. 0 

1 .6685 

-0.2054  -1.2985 

65.9 

4 . 0932 

6 .! 

135.0 

2.4713 

-0.1019  -1  .2100 

70.3 

4.1129 

6 .1 

1 5 0 . 0 

3.2054 

-0.0408  -1.1568 

76  .4 

4.0912 

5 .! 

165.0 

3.7018 

-0.0095  -1.1293 

S3 . 1 

4 . 0643 

2.- 

179.9 

3.3753 

-0.0000  -1.1209 

9 0 . 0 

4 . 0529 

0. 

V,..-CR  = 
0.1 

0 

.60 

3.0000 

0 . 57 63 

-0 .5779 

45.1 

1 .7920 

-39.3 

15.0 

2 .9097 

0.4915 

— 0 . 6*624 

53.3 

1 .9447 

— 1>2  • 4 

3 0 . 0 

2.6341 

0.3955 

- 0 . 7557 

61  .5 

2.3230 

-40.3 

45.0 

2.1733 

0 .2748 

- 0 . 37  04 

69  .4 

2 .31 1 1 

-25.3 

6 0 . 0 

1 .5765 

0 .101 0 

-1  . 0306 

75.9 

3 . 295 1 

-14.0 

75.0 

1 .0035 

-0 . 1690 

— 1 .2676 

78 .6 

3.7142 

-5.5 

90 . 0 

0.7533 

-0  .4500 

-1  .4992 

t 

4 . 0273 

0.6 

1 05 . 0 

1 .0403 

-0.4  042 

-1  .4625 

66 . 0 

4.2223 

4.6 

120. 0 

1 .3135 

-0.2243 

-1  .3144 

66.2 

4.3140 

6.6 

135.0 

2.7712 

-0.1053 

-1  .2130 

70.7 

4.3342 

6.7 

150.0 

3.6104 

-0.0403 

-1 .1569 

76.3 

4.3197 

5.3 

165.0 

4.1563 

- 0 . 0 094 

-1 .1292 

33  .3 

4.2993 

2.9 

179  .9 

4.3430 

- 0 . 0 0 0 0 

-1 .1209 

9 0 . 0 

4 . 29  05 

0.0 

'•.•••■CR  = 
0.1 

0 

.70 

3.0000 

0 .5763 

-0  .5780 

45.1 

2.2795 

-39.3 

15.0 

2.9394 

0 .4358 

— 0 .6680 

53.9 

2.4021 

—66  .3 

3 0 . 0 

2.7409 

0.3355 

— 0 . 1"'  & 5 3 

62  .9 

2 .7267 

-46 . 0 

45 . 0 

2.3621 

0 . 2632 

-0.3814 

71  .3 

3 .1636 

-3  0 . 0 

6 0 . 0 

1 .7775 

0 . 0383 

-1  . 0420 

79.3 

3 . 627 1 

-17.4 

75 . 0 

1 . 0984 

-0.2  03  0 

-1  .3007 

34.3 

4 . 0463 

-7.6 

9 0 . 0 

0 .7060 

-0.6  0 0 0 

— 1 . 8 1 62 

r • c 

4.3699 

-0.3 

1 05 . 0 

1 . 0400 

-0.5104 

-1  .5469 

6*6  .3 

4.5731 

4.4 

120.0 

2 . 0643 

-0  .2504 

-1  .3363 

66.4 

4.6705 

6 .7 

135.0 

3.2934 

-0.1092 

-1  .2163 

71  .2 

4 . 6936 

6.8 

150.0 

4.3196 

-0 . 0407 

-I  .1567 

f‘  i m -y 

4 . 694 1 

5.4 

1 65 . 0 

4.9510 

-0.0  092 

-1 .1290 

83  .6 

4.6323 

2.9 

179.9 

5.1608 

-0 . 0000 

-1 .1209 

90.0 

4.6770 

o 

• 

o 
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TABLE  1.2»  COhT.  MODE  II » MU  = Z/7 


<<PRIN  STRSS>-^Y>t;R^'RY>^^.5  < <Y/E>  <R^RYI  .3) 


THETR 

RY^^RYI 

SI  S2  THETR  1 

U 

THETR  U 

V'CR  = 

O.SO 

0.1 

3.0000 

0.5767  -0.5780 

45.1 

3.2730 

-89.9 

15.0 

•2.9950 

0.4745  -0.6791 

55.1 

3.3543 

-70.9 

3 0 . 0 

2.9555 

0.3668  -0.7833 

65.5 

3.5836 

-53.0 

45.0 

2.7957 

0.2459  -0.8975 

76.0 

3.9230 

-36.9 

60.0 

2.3514 

0.0857  -1.0444 

86  .4 

4.3212 

-22.8 

75 . 0 

1 .5063 

-0.2036  -1.2970 

94.4 

4.7166 

-11.0 

90.0 

0.7100 

-0.8127  -1.7738 

90.0 

5 . 0425 

-1  .8 

105.0 

1 .0316 

-0.7169  -1  .7040 

63.1 

5.2548 

4.1 

120.0 

2.5966 

—0.2878  —1.3674 

66  .6 

5.3613 

6.8 

135.0 

4.4319 

-0.1133  -1  .2199 

71  .7 

5.4016 

6.9 

150.0 

5 .8379 

-0.0401  -1.1562 

77.8 

5.4122 

5.4 

165.0 

6.6512 

-0.0088  -1.1287 

84 . 0 

5.4130 

8 o 

179.9 

6.9118 

-0.0000  -1.1209 

90.0 

5.4126 

0.0 

V.''CR  = 

0 .90 

0.1 

3 .0000 

0.5764  -0.5783 

45.1 

6.2538 

—89 .9 

15.0 

3.1948 

0.4429  -0.7099 

58.7 

6 • y & 1 1'' 

-76.3 

. n 

o • 1' 

0.3247  -0.8234 

72.1 

6.2924 

-62.2 

45.0 

4.7188 

0.2284  -0.9138 

85.2 

6 .3656 

—47 .6 

60.0 

5.5587 

0.1373  -0.9976 

97.9 

6 .5083 

-32.4 

75.0 

4.8786 

-0.0213  -1.1397 

109.7 

6 . f 339 

-17.5 

90 . 0 

1 .8749 

-0.6076  -1.6219 

116.1 

7 . 0004 

-4.8 

1 05 . 0 

1 . 0795 

-1.2545  -2.0659 

7£ . 3 

7.2149 

3.4 

120.0 

4.4938 

-0.3460  -1.4153 

66  .8 

7.3397 

6.9 

135.0 

8.5148 

-0.1174  -1  .2234 

72.4 

7.4071 

7.1 

150.0 

11  .2853 

-0.0390  -1.1552 

78.5 

7.4477 

5.5 

165.0 

12.7535 

-0.0083  -1.1283 

34.3 

7.4721 

2.9 

179.9 

13.2022 

-0.0000  -1 .1209 

90.0 

7 . 48  06 

0.0 

V.-CR  = 

0.99 

0.1 

3.0009 

0.5723  -0.5824 

45.5 

58.9705 

-89.9 

15 . 0 

22  .7692 

0.2963  -0.8503 

S "4  ■ y 

58.2002 

— y 1 • I*' 

30.0 

89 . 0979 

0.2867  -0.8593 

96 . 1 

55.9299 

-72.7 

45.0 

223.3409 

0.2934  -0.8530 

104.6 

52.3193 

-62.1 

60.0 

447.9558 

0.3015  -0.8454 

113.2 

47.8036 

-48.5 

75.0 

659.8280 

0.2869  -0.8591 

1 oo  o 
i cc  • o 

43.4713 

-30.8 

90.0 

380.3559 

0.1149  -1  ,0180 

133.3 

41 .1205 

-11.2 

1 05 . 0 

22.8238 

-1.8282  -2.3450 

132.7 

40.9381 

2.0 

120.0 

124.6452 

-0.4332  -1.4897 

66 . 7 

41 .3463 

7.0 

135.0 

277  .8349 

-0.1207  -1.2262 

73 . 1 

41  .7838 

7.3 

150.0 

370.2391 

-0.0372  -1.1537 

79.2 

42 . 1735 

5 .6 

165.0 

414.3484 

-0.0077  -1 .1277 

34.7 

42.4486 

3 . 0 

179.9 

427 . 1 087 

-0.0000  -1.1209 

9 0 . 0 

42.5482 

0.0 
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TftBLE  2.1  STRESS  RND  DISPLftCEMEMT  FOP  DYWRMIC  MODE  I CRRCK.  TIP 


POISSON^ 

S RRTIOj 

MU  = 2-6j 

CR^CL  = 

0 .466263 

j CR/CS  = 0 

.932526 

<:<PRiri  STRSS> 

.^Y)<;R/'RY)^'^.5 

u/<<y/e><:r^ryi>^*.i 

THETfl 

RY.^RYI 

SI 

S2  THETR  1 

u 

THETR  I 

V-'CR  = 0 
0.1 

.01 

0.1111 

3.0026 

2.9973 

44.1 

0.3390 

0.0 

15.0 

0.1595 

2.3069 

2.1538 

56.2 

0.9344 

7.5 

30.0 

0.2912 

2.2534 

1 .3268 

67.5 

1 . 0676 

15.0 

45.0 

0.4698 

1 .3637 

0.8321 

78  .7 

1 .2795 

22.5 

60.0 

0 .6459 

1 .6165 

0 .5338 

90.0 

1 .5557 

30.0 

I'*  5 . 0 

0.7698 

1 .4543 

0.3538 

101  .3 

1 .8772 

37.5 

90.0 

0 .3057 

1 .3449 

0 .2307 

112.5 

2.2223 

45.0 

1 05 . 0 

0.7411 

1 .2633 

0.1461 

123.8 

2.5675 

52.5 

120.0 

0.5904 

1 .2144 

0 . 0372 

135.0 

2.3891 

60.0 

135.0 

0.3913 

1 .1770 

0 . 0465 

1 46 . 3 

3.1652 

67.5 

150.0 

0.1950 

1 . 1 524 

0.0199 

157.5 

3.3771 

75.0 

165.0 

0.0521 

1.1334 

0.0049 

168.3 

3.5103 

82.5 

179.9 

0.0000 

1.1339  - 

0.000  0 

179.9 

3.5553 

90.0 

FDISSDN''S 

RRTID, 

MU  = 2.'8!. 

CR/CL  = 

0. 530317 j 

CR.^CS  = 0 

.919402 

V.'CP  = 0. 

01 

0.1 

0.2500 

2.0017 

1 .9932 

43.9 

1 .2501 

0.0 

15.0 

0 .2960 

2.0602 

1 .5345 

56.2 

1 .2927 

7.5 

30.0 

0 .4208 

1 .3746 

1 . 1 033 

67  .5 

1 .4176 

15.0 

45.0 

0 .5384 

1 .6654 

0,7436 

73  .7 

1 .6162 

22.5 

6 0 . 0 

0 .75  00 

1 .5000 

0.50  0 0 

90.0 

1 .3751 

30.0 

75.0 

0.3572 

1 .3736 

0.3353 

101  .3 

2 . 1766 

37  .5 

90.0 

0 .3751 

1 .2904 

0.2214 

112.5 

2.5001 

45.0 

1 05 . 0 

0.7925 

1 .2264 

0.1413 

123.3 

2.8237 

52.5 

120.0 

0.6251 

1.1301 

0 . 0347 

135.0 

3.1252 

60.0 

135.0 

0.4117 

1 .1475 

0 . 0454 

146.3 

3.3841 

67.5 

150.0 

0.2043 

1 .1253 

0.0195 

157.5 

3 .5323 

75.0 

165.0 

0.0545 

1.1134 

0.0047 

168.3 

3.7076 

32.5 

179.9 

0.0000 

1 . 1 094 

-0 . 0000 

179.9 

3.7502 

90.0 

r 

\ 1 . 

1 

i 

f 

TABLE 

2 . 1 !.  COHT  . 

MODE  I * N'J  = £■"6 

-CT 

<CPRIM  STRSS>-"Y><:R.-Ry>^^.5 

Lly  < < Y-'E  ><;  R^RY  I ) . 5 > 

' 

THETA 

RY/RYI 

SI  S£  THETA  1 

IJ 

THETA  U 

V.-CR  = 

0.99 

0.1 

683 .3745 

1.1693  0.0383 

0 . 0 

53.4540 

-0.0 

15.0 

667.1053 

1.1745  0.0438 

6.3 

53.4319 

”3  - 5 

30.0 

605 .9894 

1.1963  0.0675 

12.9 

53 . 3833 

—6  .6 

45.0 

461 .0425 

1.2680  0.1458 

19.8 

53.3484 

—3  .6 

' - 

S 0 . 0 

191 .5183 

1.5882  0.5062 

27  .6 

53.3452 

-8.2 

75 . 0 

48 .6796 

2.3634  1.4761 

123.4 

53.4301 

-2  .7 

* 

9 C . 0 

1 127 .9636 

0.9262  -0.2205 

134.5 

54.6202 

12.1 

105. 0 

1796  .6727 

0.8102  -0.3409 

144.1 

59.6712 

33.2 

120.0 

1105.4541 

0.8119  -0.3392 

152.6 

67.7375 

51.1 

135.0 

507.7994 

0.8309  -0.3196 

160.1 

75.6171 

64 . 1 

150.0 

188.2664 

0.8484  -0.3015 

167 . 0 

31 .7136 

74.1 

iG5.0 

41  .9094 

0.8596  -0.2899 

173.6 

85 . 4339 

82.4 

\ 

179  .9 

0.0018 

0.8634  -0.2859 

130.0 

86.7542 

90.0 

MADE  I « NIJ  = 2-'8 

V.-CR  = 

0 .99 

0 . 1 

894 . 0848 

1.1 37 6 0 . 0334 

0 . 0 

63.1519 

-0.0 

15.0 

875.8611 

1.1422  0.0390 

6 .3 

62  .9675 

"2  .3 

30 . 0 

803  .8354 

1.1620  0.0627 

12.8 

62 . 46 1 6 

-4.2 

45 . 0 

622  .3601 

1.2261  0.1410 

19.7 

61 .7697 

-5.2 

6 0 . 0 

274.1182 

1.4918  0.4885 

27.0 

61.1039 

-4.0 

75 . 0 

97.9131 

1 .9064  1 , 1676 

1 26 . 6 

60  .8477 

1 .3 

1 

90.0 

1375  .2361 

0.9297  -0.2059 

1 35 . 0 

62.2960 

15.7 

105.0 

2210.0289 

0.3106  -0.3360 

144.1 

67*  ■ 0*? 

34.3 

t 

120 . 0 

1394.1226 

0.8061  -0.3408 

152.4 

75 .8855 

51.6 

1 35 . 0 

638  .5356 

0.3211  -0.3247 

160.0 

83.9114 

64.3 

150.0 

233.8941 

0.8361  -0.3086 

166.9 

90.1618 

74.1 

, • 

165 . 0 

51  .5549 

0.3459  -0.2980 

173.6 

•ji4 . 0449 

82.4 

i ! 

ir 

179.9 

0.0022 

0.8492  -0.2943 

130.0 

95.3560 

90.0 

:■  i. 

.-t* 

i ii 

\ 1, 

-95- 
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TRBLE  2.2  STRESS  AMD  DISPLRCEMEMT  FOR  DYMRMIC  MODE  II  CRACK  TIP 


POISSON 

'S  RATIO » 

NU  = 2/6 » CR.-'CL  = 

0 .466263  j 

CR/CS  = 0 

.932526 

<■: 

PRIN  STRSSJ/YKR/RY^^^.S  Ux 

■<(:y.'-e><r^ryi>^^.5> 

THETR 

RY/RYI 

SI  S2  THETR  1 

U 

THETR  U 

•vVCR  = 
0.1 

0.01 

3 . 0 0 0 0 

0.5768  “0.5779 

45.1 

0.8890 

“89.7 

15.0 

£.8512 

0.4999  “0.6545 

52.4 

1.1617 

“46.0 

30.0 

2.4450 

0.4109  “0.7420 

59.4 

1 .7081 

“23 . 7 

45.0 

1 .3913 

0.2966  “0.3531 

65.5 

2.2738 

“11.7 

60.0 

1 .3403 

0.1394  “1.0032 

69.6 

2.7845 

“4.0 

75.0 

0.9419 

“0.0627  “1 .1919 

70.3 

3.1873 

1 .4 

90.0 

0.8055 

“0.2308  “1.3450 

67.5 

3.4713 

5.2 

105.0 

0.9707 

“0.2491  “1.3614 

64  .7 

3.6363 

7.6 

120.0 

1 .3959 

“0.1732  “1.2929 

65.4 

3 .6986 

8.6 

135.0 

1 .9700 

“0.0950  “1  .2215 

69.5 

3.6843 

8.8 

150.0 

2.5413 

“0.0405  “1 .1714 

75  .6 

3 .63u7 

6 .5 

165 . 0 

£ .9537 

“0.0098  “1.1430 

32.6 

3 . 5 r 4 

3.6 

179.9 

3.1113 

“0.0000  “1.1339 

90.0 

3.5557 

. 0 . 0 

PniSSON'S 

PATIO j 

NU  = a^Q 

» CRyCL  = 

0.530817J 

CR-^CS  = 0 

.919402 

o O 

II 

o 

■ 

01 

3.0000 

0.5768 

“0.5779 

45.1 

1 .2501 

“89.8 

15.0 

2 .8536 

0.4996 

“0.6542 

52.4 

1 .4456 

“55.9 

30.0 

2 .4543 

0.4102 

“ 0 • 1''  4 06 

59.4 

1 .8900 

“33.6 

45.0 

1 .9117 

0.2950 

“0.8486 

65.5 

£.3953 

-19.9 

60.0 

1 .3750 

0.13 1'"  r 

“0.9905 

69.6 

£.8642 

“10.9 

75.0 

0.9934 

-0 . 061 0 

“1  . 1606 

1 0 . 

3.2510 

“4.5 

90.0 

0.3750 

“0 .2214 

“1  .2905 

67.5 

3.5356 

“0.0 

1 05 . 0 

1 .0581 

“0.2386 

“1  .3040 

64.7 

3.7154 

3.0 

120.0 

1 .5001 

-0.1671 

“1 .2472 

65.4 

3.8013 

4.7 

135.0 

2 . 0885 

-0.0923 

“1.1864 

69.5 

3.3179 

5.1 

150.0 

2.6709 

- 0 . 0395 

“1.1 426 

75.6 

3.7945 

4.2 

165.0 

3 . 0952 

“0-0096 

“1 .1175 

82  .6 

3.7636 

£.4 

179.9 

3.2502 

“0.0000 

“1.1094 

90.0 

3.7501 

0.0 

r ^ .. 


TABLE  2.2,  CDNT . MODE  II » NU  = 2/6 

<<PRI»i  STRSS>/Y><;R/RY>-^.5  U/<<Y/E><:R^RYI)#^.5) 


THETA 

RY/RYI 

31 

32 

THETA  1 

U 

THETA 

V.-CP  = 

0.99 

0.1 

3 . 0 0 07 

0.5726 

-0.5821 

45.5 

53 .4539 

—89 .9 

15.0 

19.2174 

0.2931 

-0.8565 

84 . 0 

52.7339 

-81.6 

3 0 . 0 

73.6083 

0.2817 

-0.8675 

95.8 

50  .6103 

-72.5 

• • 

45 . 0 

184.0928 

0 .2903 

-0.8592 

1 04  .6 

47.2305 

-61  .7 

60.0 

372 .5352 

0.3023 

-0.8477 

113.3 

43 . 0061 

-47.8 

75 . 0 

562 .9642 

0.2941 

-0  .8556 

123.0 

38.9987 

-29.3 

9 0 . 0 

325 .9776 

U . 1 3 1 6 

-1  . 0107 

133.5 

36 .9820 

"“O  ■ r’ 

1 05 . 0 

1 1 .9639 

-2.3032 

—2  .8836 

133  .2 

36 .9420 

4.9 

• * 

120.0 

99.9380 

-0.4246 

-1  .5172 

66.3 

37.1965 

9.5 

135.0 

225.7058 

-0.1141 

-1  .2391 

72.8 

37.3534 

9.4 

150.0 

300.9732 

-0 . 0348 

-1 .1662 

78.9 

37.4689 

7.0 

* • 

165 . 0 

337.1164 

-0.0072 

-1 .1406 

84.6 

37.5532 

3.7 

179.9 

347.6404 

-0 . 0000 

-1.1339 

90 . 0 

37.5850 

0.0 

MODE  I I j MU  = 

2/8 

V/CR  = 

0 .99 

0.1 

3.0010 

0.5720  -0.5827 

45.5 

63.1519 

-39 . 

15.0 

25.8302 

0.2983  -0.8456 

85.4 

62.3449 

-81  . 

1 

30.0 

102.3916 

0.2897  -0.8534 

96.3 

59.9679 

—72 . 

45.0 

256.7300 

0.2950  -0.8486 

104.7 

56.1914 

-62 . 

60.0 

511 .0028 

0.3003  -0.8437 

113.2 

51 .4712 

-49. 

75.0 

738.7557 

0.2311  -0.8614 

122.8 

46 .9177 

-31  . 

9 0 . 0 

425.7251 

0.1020  -1.0218 

133.1 

44.3450 

-13. 

105.0 

34.9534 

-1.5737  -2.0589 

132.0 

44.0713 

0. 

120.0 

148.2616 

-0.4442  -1.4597 

^ c .1 

44  .6009 

5 . 

b . 

135.0 

324.7832 

-0.1249  -1 .2131 

73.4 

45.2532 

5. 

150.0 

432 . 0945 

-0.0339  -1 .1421 

79.3 

45.3501 

4. 

165.0 

483.2176 

-0.0081  -1 .1163 

34.8 

46.2630 

c!  • 

; , 

179.9 

497.9592 

-0.0000  -1 .1094 

90.0 

46.4180 

0. 

-97- 
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SHOCK  FRONT  PROPAGATION  AND  THE  STABILITY 


OF  IMPLODING  SURFACES 


J.  J.  Gilman 


* I f ’ 


A primary  phenomenon  in  the  operation  of  impact  systems 
used  extensively  by  the  DoD  and  to  a lesser  extent  to  the  DOE 
is  the  motion  of  shock  waves  through  solids.  In  traditional 
systems  this  phenomenon  has  played  an  important  role,  but  not  a 
crucial  role  in  the  sense  that  ineffective  shock  propagation 
could  be  readily  compensated  for  by  increasing  the  driving  force 
or  by  some  other  redesign.  However,  in  some  modern  systems  the 
role  played  by  shock  propagation  has  become  crucial;  such  as 
systems  in  which  thermonuclear  fusion  is  intended  to  be  inertial- 
ly  driven  and  confined.  In  these  latter  systems  the  propagation 
cind  stability  characteristics  of  the  fronts  of  shock  waves  cind 
the  stability  of  the  subsequent  motion  of  spherical  surfaces 
clearly  determine  the  success  or  failure  of  the  primary  fusion 
process.  Thus  the  importance  of  an  understanding  of  the  motion 
of  shock  waves  and  spherical  surfaces  to  these  systems  cannot  be 
overemphasized. 

Over  a period  of  many  years,  the  pressure/volume  re- 
lationships (Hugoniot  diagrams)  obtained  for  shock  waves  have 
been  studied  using  both  experiments  and  theories.  As  a result. 
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shock  wave  propagation  for  pressure  jumps  up  to  about  lOOkb  is 
reasonably  well  understood.  Far  less  understood  are  the  phe- 
nomena that  occur  when  shocks  emerge  from  free  surfaces  or 
strike  discontinuous  interfaces.  For  pressure  jximps  greater 
than  lOOkb  experiments  become  very  difficult  to  perform  and 
interpret.  Also,  there  is  a great  paucity  of  information  auid 
understanding  about  the  structures  of  shock  fronts;  particularly 
at  the  high  end  of  the  cited  pressure  range  (strong  shocks) . 

In  order  to  develop  a predictive  understanding  of  shock 
propagation  and  stability  any  model  must  start  with  either  as- 
sumptions or  knowledge  of  the  structure  of  the  shock  front. 

Some  of  the  features  that  need  to  be  specified  are: 

a.  width:  the  best  present  experimental  resolution  is 

-3  sec.  =3x10® A and  the  lower  limit  is  the 
granularity  of  the  medium  =3A;  hence  the 
uncertainty  ranges  over  five  orders  of  mag- 
nitude. 

b.  distributions  of  atoms,  ions,  and  electrons: 

present  knowledge  is  very  rudimentary.  Best 
speculations  are  dislocation  models. 

Until  these  geometric  features  are  specified,  further  modeling 

is  impotent. 

As  for  any  other  interface,  it  is  important  to  define 
the  interfacial  free  energy  of  a shock  front  because  this  may 
strongly  influence  its  behavior. 

When  a strong  shock  front  passes  through  a solid  material 
the  large  densification  that  suddenly  occurs  causes  strong  inter- 
actions between  the  atoms  which  tend  to  disorganize  them;  and 
often  converts  a crystalline  solid  into  a liquid  while  simul- 
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taneously  raising  the  temperature  and  density  of  the  material 
to  high  values.  Dissipation  accompanies  this  process,  and  this 
can  be  described  as  a drag  pressure  (or  a viscous  resistance) 
impeding  the  motion  of  the  shock  front.  This  may  cause  it  to 
decelerate  and  attenuate  significaintly . 

At  the  end  of  its  passage  through  a material,  a shock 
front  passes  through  a free  surface  (or  an  interface) . If  this 
surface  is  initially  smooth  it  may  become  unstable  as  it  de- 
celerates and  develop  protuberances  (Taylor  instability) . If 
is  is  initially  rough,  the  shock  front  may  induce  micro- jetting 
or  micro-spalling.  If  it  is  concave  it  may  rumple  due  to  plastic 
instability.  These  phenomena  depend  strongly  on  the  properties 
of  the  material.  A knowledge  of  the  magnitude  of  the  viscosity 
of  the  material  behind  the  shock  front  is  especially  important. 

The  phenomena  outlined  above  were  studied  and  discussed 
by  some  members  of  the  MRC  before  and  after  a two  day  meeting 
with  representatives  from  LASL.  The  program  of  this  meeting  is 
attached. 
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SHOCK- INTERFACE  PROBLEMS 
July  17-18,1978 


D.  H.  Sharp,  Moderator 


J.  F.  Barnes 

K.  A.  Meyer 
D.  C.  Wallace 
G.  K.  Straub 
B.  R.  Suydam 


!i 

Introduction.  Role  of  Fluff  and  Surface  ! 

Instability  in  Fusion  Devices.  I 

I, 

Taylor  Instability 

i' 

Elastic-Plastic  Flow  at  High  Strain  Rates 

i: 

Molecular  Dynamics  Calculations  i 

Viscosity  in  Dense  Materials  | 


The  questions  of  principal  concern  during  the  meeting 

were : 

1.  What  is  the  appropriate  magnitude  of  the  viscosity  of  a 
material  behind  a strong  shock  front?  Is  it  of  order 
IP  or  of  order  10®P? 

2.  What  features  of  real  materials  control  Rayleigh-Taylor 
instability? 

3.  How  does  micro- jetting  (and  spall)  depend  on  materials 
parameters? 

The  first  two  of  these  questions  received  the  most  dis- 
cussion and  the  following  recommendations  were  made: 

A.  Improve  understanding  of  the  pressure  dependence  of 
viscosity  for  liquid  metals. 

a.  study  existing  experimental  literature 

b.  consider  making  new  measurement,  including  quasi- 
static ones. 

c.  study  scaling  laws  and  amalogs. 

B.  Develop  static  and  transport  theory  for  very  high  density, 
high  temperature  metals.  (>100Mb  and  >20eV  temperature). 

C.  Consider  miniaturization  of  experimental  equipment  for 
shock-loading  measurements. 
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D.  Enlarge  studies  of  Taylor  instability  growth  rates  for 


solids,  especially  for  spherical  geometry  or  its  analog. 

a.  effect  of  initial  amplitude 

b.  dependence  on  static  yield  stress  and  on  the  shear 
modulus 

c.  wavelength/grain  size  ratio 

d.  influence  of  strain-hardening  rate  (at  constant 
yield  stress) 

e.  effect  of  coherent  (integral)  surface  hardening. 

E.  Study  plastic  rumpling  of  imploding  shells  caused  by 
flow  localization. 

F.  Molecular  dynamic  models  of  fluid  have  been  studied 
(Ashurst  and  Hoover,  1975)  in  which  viscosity  can  be 
found  directly.  We  recomment  strongly  that  efforts  be 
made  to  run  such  a model  to  mega-bar  pressures  with 
parameters  representative  of  real  liquids  such  as  Hg  or 
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ON  THE  KINK  MODE  OF  FAILURE 
OF  FIBER  REINFORCED  COMPOSITES 
D.  C.  Drucker  and  A.  G.  Evans 

Some  fiber  reinforced  composites  (e.g.,  graphite-carbon) 
have  been  observed  to  fail  in  a kinking  mode  when  subjected  to 
compressive  load  parallel  to  the  fibers.  The  geometric  change 
shown  in  the  accompanying  figure  carries  the  fibers  from  their 
straight  configuration  to  their  kinked  twin  position  in  which 
their  total  length  returns  to  the  length  prior  to  the  kink. 
During  the  motion,  however,  if  the  vertical  dimension  £ is  un- 
changed, the  fibers  must  shorten  appreciably  from  £ to  £cos3  for 
a compressive  strain  of  1-cos B where  B is  the  angle  of  incli- 
nation of  the  kink  plane  to  the  horizontal  plane  normal  to  the 
fibers.  Further  rotation  of  the  fiber  toward  its  twin  position 
releases  load  in  the  fiber  and  provides  a driving  force  or  in- 
stability. 

The  kink  mode  involves  large  matrix  shear  and  so  favors 
B = 45°  for  an  isotropic  matrix  cuid  B = 0 for  the  fiber.  At 
B = 30°  the  maximum  fiber  strain  1-cos B is  a little  over  0.13, 
an  extremely  large  value  that  would  bring  an  elastic  fiber  to 
its  theoretical  strength.  Therefore,  the  transition  from  the 
straight  configuration  to  the  kinked  configuration  cannot  occur 
simultaneously  or  nearly  so  over  the  entire  plane  at  normal 
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static  loads.  This  high  resistance  to  almost  simultaneous  kink- 
ing is  not  overcome  by  the  usual  techniques  of  permitting  the 
vertical  distance  to  increase  while  the  compressive  load  is  in- 
creased because  half  of  the  0.13^  strain  still  is  enormous  for 
both  the  matrix  in  extension  and  the  fiber  in  contraction. 

(Almost  simultaneous  kinking  may  well  be  possible  under  strong 
shock  loading.) 

Perhaps  this  result  should  come  as  no  surprise.  It  is 
analogous  to  the  situation  for  displacements  of  one  row  of  atoms 
with  respect  to  another  that  led  to  the  dislocation  concept  of 
moving  atoms  one  at  a time.  A closer  analogy  may  be  that  an  edge 
dislocation  moves  through  a lattice  much  more  easily  by  the 
lateral  spreading  of  a kink  than  by  the  entire  dislocation  line 
moving  forward  simultaneously. 

The  implication  would  appear  to  be  that  fiber  kinking 
under  static  loads  requires  an  imperfection  (crack  or  cavity)  of 
several  fiber  spacings  that  overload  the  fibers  immediately 
adjacent  to  the  imperfection,  cause  them  to  buckle  and  so  permit 
a kink  to  generate  and  then  to  propagate  aided  by  successive 
local  fiber  buckling  in  advance  of  the  spreading  kink. 

Of  course,  any  appropriate  inclination  a of  the  fibers 
from  the  direction  of  the  compressive  load  reduces  the  strain 
needed  for  a kink  to  1-cos (S-a) . Buckling  of  the  fibers  can 
give  an  a comparable  to  S at  which  stage  the  fiber  provides  a 
driving  force  for  the  kink  instability. 
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ON  THE  THERMODYNAMICS  OF  ADSORPTION  AT  INTERFACES 
AS  IT  INFLUENCES  DECOHESION 

J.  P.  Hirth  and  J.  R.  Rice 


ABSTRACT 

Earlier  computations  on  the  work  of  separation  of 
boundaries  with  adsorbed  solute  atmospheres  are  reconsidered 
in  terms  of  reversible  work  cycles.  The  results  are  consistent 
with  the  limiting  cases  treated  before  and  include  the  extension 
to  more  general  cases  of  solute  interactions , including  multi- 
component  systems.  The  work  terms  are  conveniently  represented 
on  diagrams  of  chemical  potential  versus  surface  excess  solute 


concentration . 


ON  THE  THERMODYNAMICS  OF  ADSORPTION  AT  INTERFACES 
AS  IT  INFLUENCES  DECOHESION 

J.  P.  Hirth  and  J.  R.  Rice 


INTRODUCTION 

There  are  a number  of  embrittlement  phenomena,  such  as 
temper  embrittlement  and  hydrogen  embrittlement,  in  which  solute 
adsorption  at  a grain  boundary  or  other  interface  degrades  its 
mechanical  properties  and  leads  to  intergranular  separation.  A 
limiting  case  of  separation,  tractable  for  thermodynamic  analysis, 
occurs  when  no  work  terms  other  than  interface  creation  and 
destruction  are  involved  in  the  process.  The  analysis  is  also 
applicable  to  the  situation  first  considered  by  Thomson^  where 
plastic  flow  occurs  but  where  dislocations  screen  the  crack  tip 
from  the  remote  stress  field  and  the  local  crack  tip  region 
separates  as  in  the  limiting  case. 

Seah^  first  considered  the  difference  between  two  types 
of  boundary  separation  as  influenced  by  solute  adsorption:  quasi- 
equilibrium separation  with  the  chemical  potential  of  solute 
maintained  throughout  the  system  and  "rapid"  separation  in  such 
a manner  that  the  excess  amount  of  solute  initially  residing  in 
the  boundary  remains  attached  to  the  created  free  surfaces  with 
no  solute  exchange  taking  place  with  bulk  phases.  However,  Rice^ 
presented  an  analysis  of  the  work  terms  in  the  two  limits  for 
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the  grain  boundary  case,  and  his  work  suggests  that  details  of 
Seah's^  analysis  are  incorrect.  In  particular,  the  Rice  analysis 
disagrees  with  Seah's  conclusion  that  adsorption  has  no  effect  on 
the  work  of  separation  in  the  fixed  composition  (rapid)  limit, 
although  Rice  does  conclude  that  the  effect  of  adsorption  on  the 
work  in  this  limit  is  less  tham  for  separation  at  the  fixed 
potential  (slow)  limit.  The  problem  has  also  been  considered  by 
Asaro**  and  by  Hirth®;  Asaro  extending  Rice's  work  to  interphase 
interfaces  and  Hirth  discussing  a number  of  irreversible  phenomena 
which  can  cause  deviations  in  work  from  that  predicted  for  the 
limiting  case. 

In  this  presentation,  we  first  discuss  various  mechanisms 
of  interface  separation,  together  with  the  appropriate  variables 
giving  the  work  term.  Rice's^  analytical  result,  expressed  in 
terms  of  Helmholtz  free  energies  related  to  stress-displacement 
variables  for  an  interface  separating  uniformly,  is  given  in  terms 
of  a reversible  work  cycle  in  chemical  potential-composition 
space.  An  alternate  reversible  work  cycle  is  then  presented  for 
surface  energy  area  variables.  Finally,  the  results  are  extended 
to  several  cases  of  interface  separation  other  than  the  two  pre- 
viously treated. 

Modes  of  Separation 

There  are  various  modes  of  separation  of  an  interface, 
amenable  to  calculation  of  surface  energies  for  a hypothetical 
reversible  path,  three  of  which  are  illustrated  in  Fig.  1.  These 
produce  different  stress  (or  local  force)  -displacement  curves 
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Figure  1.  Mechanisms  of  boundary  separation. 


as  shown  in  Fig.  2.  However,  the  surface  ene.gy,  equal  to  the 
integral  of  the  stress-displacement,  curve  from  an  unstressed 
equilibrium  separation  6^  to  infinity,  is  the  same  for  all  three 
paths  (assuming  that  all  three  correspond  to  one  of  the  limiting 
composition  states  discussed  above) . Mode  a in  Fig.  1 corresponds 
to  rigidly  clamping  the  two  bulk  phases  and  separating  the 
boundary  regions,  the  path  used  by  Rice^,  Asaro**  and  in  an  atomic 
calculation  by  Zaremba® . The  initial  slope  of  the  a-6  curve  for 
case  a,  determined  by  a weighted  average  of  phonon  frequencies® 
is  larger  than  the  elastic  constant  corresponding  to  the  tensile 
extension  of  the  bicrystal  in  base  b.  For  case  c,  a crack  is 
supposed  to  reversibly  propagate  along  the  boundary.  A given 
atom  pair  being  separated  will  undergo  a stress-displacement 
excursion  which  differs  from  the  other  cases  because  of  the  vary- 
ing stress  field  to  the  right  of  the  crack  tip  and  the  varying 
compliance  to  the  left  and  surrounding  the  crack  tip,  although 
initially  it  would  coincide  with  case  b.  The  force  on  the  crack 
can  be  imagined  to  be  applied  in  a double-cantilever  beam  mode 
so  that  advance  of  the  crack  has  the  net  effect  of  removing  unit 
area  of  unstressed  boundary  and  creating  unit  area  of  separated 
surfaces . 

For  reversible  extension,  the  work  is  performed  by  the 
external  device  applying  the  stress  a equals  the  free  energy 
change  in  creating  the  surface.  In  all  cases  the  work  term  per- 
formed by  the  external  device,  i.e.,  the  negative  of  work  done 
by  the  system,  for  this  reversible  extension  is 


Relevant  thermodynamic  expressions  for  a system  containing  bulk 
phases  and  a boundary  at  uniform  temperature  and  potentials , and 
subject  to  ^Jniform  pressure,  are:  for  the  total  system  Gibbs  and 
Helmholtz  free  energies 

dG  = VdP  - SdT  + y^dn^  + ydA  (2) 

dF  = -PdV  - SdT  + Uj^dn^  + ydA  ; (3) 

the  Gibbs-Duhem  relation,  normalized  to  unit  area  of  interface 

dy  = [V]dP-  [S]dT-r^dy^  ; (4) 

the  reduced  form  of  (4)  for  the  case  of  a binary  solution  where 
the  Gibbs  dividing  surface  (or  size  of  the  boundary  region)  is 
defined  such  that  = 0, 

dy  = [V]dP-  [S]dT-rdy  ; (5) 

and  the  Gibbs  and  Helmholtz  surface  free  energies 

f = g = y + yF  (6) 

which,  together  with  (2)  and  (3)  give 

df  = -Pd[V]  - [S]dT  + ydF  + ydA  (7) 


dg  = [V]dP  - [S]dT  + ydF  + ydA 


(8) 


The  surface  excess  quantities  [V] , [S]  and  can  be  considered 
either  in  the  Gibbsian  sense ^ of  excesses  of  the  total  extensive 
variable  minus  its  amount  residing  in  hypothetical  bulk  phases 
uniform  up  to  a dividing  surface  or  in  the  sense  used  by 
Guggenheim®  of  excesses  over  the  average  bulk  amount  in  a boun- 
dary region  finite  in  extent.  Where  only  component  2 has  a sur- 
face excess  amount,  as  in  Eqs.  (5)  and  (6),  the  subscript  2 on 
U and  r is  dropped  for  simplicity  in  representation.  Note  that 

for  the  coherent  interface  Y = Yv.  and  F = F,  , whereas  for  the 

o D 

pair  of  free  surfaces  created  by  separation,  6 = 26  and  F = 2F  . 

s s 

Separation  of  Initially  Equilibrated  Boundary 

We  first  reconsider  the  boundary  separation  process 
treated  by  Rice®,  shown  in  Fig.  3a  and  represented  in  y - F space 
in  Fig.  4.  The  system  is  imagined  to  be  initially  in  complete 
equilibrium,  A (for  which  y = y^  and  F = F^) , and  to  be  separated 
reversibly  in  one  of  two  ways.  One  is  path  I (A  to  B,  Fig.  3a) , 
separation  at  constant  y,  T and  P.  The  other  is  path  III  (A  to 
C,  Fig.  3a),  separation  in  such  a manner  that  the  excess  amount 
residing  on  the  created  unit  areas  of  free  surface  equals  the 
amount  initially  residing  on  the  boundary 

2F  * F,^  = F^ 
s b 0 

(schematically,  the  system  is  shown  as  blocked  from  access  to  a 
matter  reservoir  in  Fig.  3a).  For  path  III,  constrained  equili- 
brium is  assumed  in  which  there  is  no  exchange  between  surface 
and  bulk  phases  but  in  which  the  solute  is  imagined  to  distribute 


-115- 


Figure  3.  Schematic  representation  of  system  in  states  A,  B 
and  C.  For  (a)  the  interface  is  imagined  to  have 
contact  with  (state  B)  or  to  be  blocked  from  (state 
C)  a matter  reservoir.  For  (b)  all  processes  are 
carried  out  under  equilibrium  with  the  surrounding 
vapor  phase. 
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evenly  between  the  two  created  surfaces  and  to  equilibrate  to  a i' 

surface  state  which  would  be  in  equilibrium  with  a reduced  ^ 

- 

chemical  potential  In  this  case  the  y coordinate  in  Fig.  4 

corresponds  to  y for  the  progressively  separating  interface,  and 

i 

this  value  of  y differs  from  y in  the  bulk  phase.  | 

With  constrained  equilibrium  as  described  above,  the  j 

volume  change  work  in  step  IV  is  essentially  zero.  Thus,  con-  j 

sidering  ad6  stretching  work  coordinates  in  place  of  ydA  co-  j 

' 1 

ordinates  in  Eq.  (3) , and  since  dF  = df  for  the  case  of  Fig.  la,  j 


(12) 


= J (r-r^)dy 
(y  - y°)dr 

where,  in  the  second  step,  we  have  used  Eq.  (5)  in  the  form  of 
the  Gibbs  adsorption  equation,  dy  = -Fdy,  for  the  pair  of  free 
surfaces  created  by  separation.  The  third  step  in  Eq.  (12)  in- 
volves an  integration  by  parts , to  put  the  result  in  the  form 
given  by  Rice^,  and  it  is  to  be  understood  that  F = 2Fg  and  that 
the  F and  y appearing  in  the  integrals  are  functions  of  one 
amother  according  to  the  adsorption  isotherm  F = F(y)  = 2Fg(y) 
for  the  pair  of  free  surfaces. 

In  actuality,  as  noted  by  Gibbs ^ , it  is  unlikely  that 
both  [V]  and  Fi  can  be  maintained  equal  to  zero  for  process  III: 
Gibbs ^ (p.  219)  discusses  this  point  in  terms  of  arbitrariness  of 
the  terms  on  the  right  side  but  the  invariance  of  dy  in  Eq.  (4) , 
a point  also  considered  in  some  detail  by  Cahn®.  While  this  is 
likely  to  be  a second  order  effect,  one  can  construct  a Gibbs 
reversible  work  cycle  which  identically  reproduces  the  results  of 
Eqs.  (10),  (11)  and  (12).  The  separation  processes  are  illus- 
trated in  Fig.  3b  and  again  correspond  to  Fig.  4 in  y - F space. 

In  this  case  the  created  surfaces  are  assumed  to  be  equilibrated 
with  the  vapor  phase,  but,  as  in  the  previous  case,  to  be  con- 
strained not  to  equilibrate  with  the  bulk  solid  phase.  As  a 


concrete  example  consider  adsorption  of,  say,  oxygen  on  a 

separating  copper  interface.  An  analogous  situation  would  hold 

with  a fluid  phase  replacing  the  vapor  phase. 

The  relevant  reversible  work  term  for  the  process  in 

Fig.  3b  is  the  external  device  work  minus  the  PdV  work  done  by 

the  weight  but  this  is  precisely  the  change  in  G for  the  system 

> 

for  constant  P processes.  Otherwise,  it  is  AF  * AG-  VdP.  For 
process  I at  constant  P,  T,  u and  u^,  Eq.  (2)  gives 

w = AG  = Ag  = 2Yg®-  (13) 

For  process  III  we  separate  the  interface  at  equilibrium  with 

the  vapor  but  continuously  alter  P during  separation  to  maintain 

a constant  mass  in  the  vapor  phase,  where  is  the 

vapor  mass  in  state  A.  This  simulates  separation  at  constant  F. 

During  the  process  the  volume  of  the  vapor  is  V = M^^v  where 

V = v(P)  is  its  specific  volume,  and  the  device  work  is  w = 

* 

AG-  VdP.  But  the  AG  for  this  process  can  alternatively  be 
calculated  by  the  hypothetical  reversible  sequence:  (i)  remove 
boundary  at  constant  vapor  pressure  P^  with  device  work  Aw  = -Yj^ 
for  unit  area;  (ii)  expand  the  vapor,  now  of  mass  from 

Pq  to  P^;  and  (iii)  create  the  pair  of  free  surfaces  at  vapor 
pressure  P with  device  work  2y_^.  Thus 

w C 

fP 

w = AG  - VdP  = Ag 

P 

o 

= [-Y^^+(M_+rj  VdP  + 2y.^]  - 


VdP 


-I  C A . 
• 2Y3  - Tb  * 


r^dw 


(since  dy  = vdP) . Thus,  the  results  for  w and  w are  identical 
to  Eqs.  (10)  and  (11).  Moreover,  in  the  process  of  creation  and 
removal  of  interfaces , the  Gibbs  dividing  surface  can  be  chosen 
independently  for  each  surface  so  that  Fi  = 0 and,  as  is  evident 
from  Eqs.  (2)  or  (8) , the  result  is  also  independent  of  [V]. 


Hence  Rice's  result,  Eqs.  (10)  to  (12),  is  exact. 

Interestingly  w in  Eq.  (14)  equals  Ag  but  while  g and  f 
are  defined  by  the  same  equation,  w no  longer  equals  Af  for  the 
process  of  Fig.  3b.  This  seeming  anomaly  arises  because  of  the 
difficulty  in  selecting  both  Fi  and  [Vi  equal  to  zero  as  dis- 
cussed earlier.  Hence,  formally,  the  appropriate  F term  for 
steps  (i)  and  (iii)  above  may  not  be  precisely  the  same. 


The  difference  between  w and  w is  again  given  by  Eq.  (12) 
but  one  can  obtain  the  result  directly  by  evaluation  of  AG  for 
process  II  in  Fig.  4.  This  corresponds  to  a reversible  trans- 


ition fiom  B to  C in  Fig.  3b  by  desorption  of  matter  from  the 


free  surfaces.  During  this  process  dG  = VdP  and  V = M^v  = 


(M„^+F-F^)v.  Since  AG- + AG-t  = 


III' 


(M  + F - F ) VdP  = w + M 

VO  0 VO 


vdP , 


w - w = - 


(F  - F^)du 


in  agreement  with  Eq.  (12).  Regarded  as  a closed  cycle  I + II  - III 
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the  results  of  Eqs.  (13)  to  (15)  give 


in  agreement  with  the  Gibbs  relation  (5) . 

We  are  now  in  a position  to  review  Seah's^  analysis  of 
separation  at  constant  F.  He  correctly  remarks  that  (2rg)^  = 

^ such  a process.  But  he  assumes  that  the  appropri- 


» C A 

ate  device  work  term  in  this  case  is  w = 2Yg  “ • 


Instead,  the 


••  c A 

correct  result,  Eq.  (9)  , is  w = 2fg  - f , and  this  differs  from 
what  Seah  assumed  bv  the  term  F (u  -y  ) . Thus,  Seah ' s evalu- 

- 0 C 0 

ation  of  w is  equivalent  to  ignoring  the  F^  term  in  (10)  or  (14) . 
In  particular,  his  demonstration  for  the  dilute  concentration 
case  that  w is  independent  of  F^  is  not  supported  by  the  present 
analysis . 

The  Gibbs  adsorption  relation  (16)  and  the  analogous 
relation  for  changes  of  tie  combined  with  the  previous 

expressions  for  w and  w to  give  Rice's^  equations 


w = (w) 


r,o  - f [2F3(m)  -r|^(u)]du 


W = (w) 


l-F 

F=0  ■ 


where  (w)  p_Q  = ^ ~ '^h'^  T=0  ~ ^^^s~^b^F=0  separation 

in  the  absence  of  the  solute,  and  where  F^  = Fg(y)  and  Fj^  = Fj^(y)  , 
or  y = Vig(Fg)  and  y = Ujj(Fj^)  , represent  adsorption  isotherms  for 
the  free  surface  and  unstressed  grain  boundary,  respectively. 
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In  application  of  the  expressions  derived  for  w to 


practical  cases  of  separation  at  fixed  composition,  it  is  well 
to  remember  that  there  is  a tacit  assumption  of  local  equilibrium 
within  the  adsorbed  layer  during  separation.  This  implies  some 
atomic  mobility  over  distances  comparable  to  the  layer  thickness, 
and  such  mobility  requirements  may  not  always  be  met  for  fracture 
on  practical  time  scales.  An  unresolved  question  is,  then,  that 
of  by  how  much  the  work  of  separation  at  a completely  "frozen" 
composition  differs  from  w. 

General  Separation  Paths 

We  have  considered  two  special  separation  paths:  constant 
r (w  = w) , and  constant  y (w = w) . More  generally,  and  with 
reference  to  Fig.  5,  we  may  regard  separation  as  a transition  from 
a state  along  the  isotherm  for  grain  boundary  adsorption  to 

a state  F^,  y^  along  the  isotherm  for  free  surface  adsorption. 
Assuming  that  there  is  local  equilibrium  within  the  adsorbed  layer 
during  separation,  the  separation  process  can  be  represented  as  a 
path  in  r,y  as  shown. 

The  actual  details  of  the  path  are  governed  by  the  kinetics 
of  matter  transport  by  diffusion  to  the  separating  interface.  The 
details  will  be  different  for  the  different  modes  of  separation 
illustrated  in  Fig.  1,  and  in  the  crack  case  there  is  the  possi- 
bility of  transport  from  the  surrounding  environment.  Nevertheless 
it  is  generally  to  be  expected  that  stressing  the  grain  boundary 
tends  to  lower  the  potential  there  and  induces  a flow  of  matter 
to  the  separating  interface.  Hence  the  typical  case  is  dy  < 0 and 


Figure  5.  General  separation  path,  from  state  "0"  along 

adsorption  isotherm  for  unstressed  grain  boundary 
to  state  "F"  along  adsorption  isotherm  for  separated 
surfaces . 
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r- 


dr  > 0 during  separation,  as  for  the  path  OF  shown  in  Fig.  5. 

To  relate  w-_  to  work  terms  such  as  w^„  or  w_^ , we  use 
OF  OB  OC 

the  result 


dw  = ad6  = df  - ydT  = dy  + Tdy 


Since  y is  a function  of  state  in  r,u  space. 


dw  = (brdy 


where  the  cycle  integrals  will  be  understood  to  correspond  to  a 
closed  path  in  the  r,u  plane.  For  example  application  of  this 
result  to  the  path  OCBO  gives 


'^OC  " '^OB  JOCBO 

The  integrals  represent  the  areas  OCFO  and  OFBO  and  are  positive 
for  the  path  shown.  Hence  for  separation  paths  with  dy  < 0 , 


dr  > 0 


w > w > w 


The  cycle  equality  (19)  also  provides  a concise  basis 
for  derivation  of  Eq.  (17) . For  example,  consider  the  cycle; 
separate  the  interface  at  potential  y with  work  w,  move  up  the 
free  surface  isotherm  by  dy,  close  the  interface  at  potential 
y + dy  with  work  - (w  + dw) , and  move  down  the  grain  boundary  iso- 
therm by  dy . Hence 


w - (w  dw)  = 


-dw  = [2rg(y)  - rj^(y)  ]dy 
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which  integrates  to  the  form  in  Eq.  (17) . Similarly,  a cycle 
involving  separation  at  F and  closing  at  F + dF  gives 

w-(w  + dw)  = -dw  = [yj^(F)  - yg(F/2)  ]dF  (24) 

which  integrates  to  the  form  in  Eq.  (17) . 

Three  Component  System 

In  the  temper  embrittlement  case,  there  is  evidence  for 
coupled  solute  effects  of  a three  component  type  with  two  dilute 
solute  concentrations.  The  preceding  analysis  can  be  extended 
to  the  three  component  case  as  illustrated  in  Fig.  6.  As  shown 
there,  it  is  now  necessary  to  retain  subscripts  to  distinguish 
the  dilute  components  2 and  3. 

Proceeding  as  before,  we  find  for  step  III,  separation 
at  constant  chemical  potential 


w = 2y 


(25) 


In  order  to  compute  the  reversible  work  term  for  step  II,  the 
process  is  separated  into  two  stages,  a change  of  U2  at  constant 


U3  followed  by  a change  of  ys  at  constant  ya  giving 


Aw  = w - w = - 


ys'- 

(F2  - F2°)y30  dUz  - J (F3  - F3O) 


yz' 


dy  ■ 


(26) 


Uz' 


y 3 


From  Eqs.  (25)  and  (26) , the  result  for  the  "rapid"  separation 
stage  I is  then 


Vz 


y 3 


- _ c o 

w = 2Yg  - Yb 


Fa  dya  - 


dy  3 


ya 


y 3 
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By  analog  with  the  cases  treated  for  the  binary  case  in  the  pre- 
ceding section,  and  with  the  above  expressions  as  a guide, 
equivalent  expressions  can  be  developed  for  the  three  component 
case.  Indeed,  Asaro"*  has  extended  the  Rice  formulation  to  multi- 
component  adsorption  in  a manner  consistent  with  the  above  result. 
Summary 

A reversible  work  cycle  in  terms  of  Gibbs  free  energies 
precisely  reproduces  Rice's^  result  for  the  work  of  separation  of 
interfaces  at  constant  chemical  potential  of  the  components  or  at 
constant  excess  solute  concentration  at  the  interface.  The  work 
can  be  conveniently  represented  on  graphs  of  solute  chemical 
potential  versus  excess  solute  concentration.  In  terms  of  these 
developments , one  can  express  the  work  of  separation  for  arbitrary 
paths  of  chemical  potential  and  excess  solute  concentration  for 
binary  or  for  multicomponent  systems. 

These  results  provide  a basis  for  determining  the  work 
of  separation  from  data  on  solute  adsorption  obtained  either  from 
experiment  or  by  statistical  thermodynamical  prediction.  The 
extent  to  which  the  assumptions  of  the  model  apply  to  separation 
at  low  temperature  remain  to  be  explored  quantitatively,  for 
example,  the  relaxation  time  for  local  equilibrium  to  be  attained 
on  the  surface  in  the  "rapid"  separation  case.  However,  even 
with  substantial  contributions  to  the  total  work  of  separation 
by  plastic  flow,  for  example,  the  crack  tip  may  be  screened  by 
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dislocation  fields  so  that  the  local  work  of  separation  relating 
to  solute  adsorption  governs  the  separation  behavior. 
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CONTACT  PROBLEMS  IN  CERAMIC  COMPONENTS 


A.  G.  Evans 
F.  A.  McClintock 

ABSTRACT 

Ceraunic  turbine  design  invariably  involves  a number  of 
ceramic/cercimic  or  ceramic/metal  contacts  that  are  subject  to 
lateral  forces  during  service.  The  influence  of  the  lateral 
forces  on  the  contact  stress  fields  is  evaluated  in  terms  of  the 
friction  coefficient  and  the  material  compliance.  Then  the 
relative  probabilities  of  fracture  are  derived  to  determine  the 
specific  advantages  that  can  be  accrued  by  reducing  the  friction 
coefficient  compared  to  increasing  the  compliance  or  improving 
the  quality  of  the  surface  layers  in  the  vicinity  of  the  contact. 
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CONTACT  PROBLEMS  IN  CERAMIC  COMPONENTS  i 

A.  G.  Evans  and  F.  A.  McClintock  il 

■■i 

INTRODUCTION 

The  design  of  ceramic  engines  invariadaly  involves  some 
ceramic  or  ceramic/metal  contacts  that  exhibit  relative  lateral 
motion.  The  qucintity  and  criticality  of  these  contacts  can  be 
minimized  by  employing  the  appropriate  design  criteria,  such  as  ; 

the  maximum  use  of  integrated  units.  However,  the  problem  will 
almost  invariably  need  to  be  addressed  at  some  locations  within 
the  engine.  The  present  paper  examines  the  problem  of  elastic 
contact  in  the  presence  of  lateral  forces,  and  identifies  the  *1 

specific  roles  of  the  friction  coefficient,  the  compliance,  and  j 

the  surface  quality  on  the  incidence  of  fractures  in  the  vicinity 
of  the  contact  site. 


CONTACT  STRESSES 

The  problem  of  an  elastic  contact  subjected  to  a lateral 
force  was  firstly  examined  in  detail  by  Mindlin.^  He  demonstrated 
that,  in  the  absence  of  sliding,  the  tangential  tractions  over 
the  contact  area  exhibit  a singularity  at  the  contact  periphery 
a (Fig.  1) ; 


where  is  the  lateral  force.  However,  in  the  presence  of  a 
finite  friction  coefficient,  f,  sliding  will  occur  over  am  outer 
annulus  a*  (Fig.  1) , with  the  stresses  in  this  annulus  then  being 
related  to  the  normal  stresses  by  the  usual  relation; 

3fP  , 

= fa^  = ^ [l-(r/a)2]^  (a*  < r < a)  (2) 

""  y 2TTa2 


where  P^  is  the  normal  force.  Mindlin^  also  related  the 
amnulus  of  sliding  to  the  ratio  of  forces; 


a* 

a 


(3) 


Complete  sliding  will  thus  initiate  (a*  = 0)  when  P^  > 
whereupon  the  tangential  tractions  can  be  fully  described  by 
Eq.  (2) . This  condition  will  be  assumed  for  subsequent  calcula- 
tion, although  it  is  emphasized  that  many  real  cases  will  not 
involve  complete  sliding.  For  these  cases  the  following  emalysis 
will  provide  an  upper  bound  for  the  fracture  probability  (because 
the  stresses  in  the  stationary  annulus  have  been  overestimated) . 

The  stresses  corresponding  to  the  distribution  of 
tractions  defined  by  Eq.  (2)  have  been  determined  by  Hamilton  and 
Goodman.^  Tensile  stresses  occur  in  the  surface,  primarily  out- 
side the  zone  of  contact  (Fig.  2)  and  behind  the  sliding  direction, 
given  by; 


a = 


3fP 


2iTa^ 


Ccos9  (.l+vsin^9)  [tan~ \ C^-1)  M C^-1) 


+ (v/4)(3-4  cos29)  [25-**  (C^-1)  -tan-^C^-l)  -5"  M ^^-1) 

= (3fP/27ra2)  F(5,9,v) 
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(4) 


where  C = r/a  and  9 is  the  inclination  to  the  sliding  direction; 
note  that  the  stresses  are  tensile  in  the  ramge  6 = ±-it/2.  The 
tensile  stresses  outside  the  contact  area  will  be  augmented  by 
the  stresses  from  the  normal  tractions,  given  by; 

a = ^ (l-2v)  (5) 

2ira^C^ 

FRACTURE  INITIATION 

The  distribution  of  tensile  stress  outside  the  contact 
zone  interacts  with  pre-existant  surface  micro-cracks  to  generate 
surface  initiated  fractures  (Fig.  2) . The  pre-existeuit  micro- 
cracks will  belong  to  a population  that  depends  on  the  micro- 
structure of  the  surface  layers  cind  the  mode  of  surface  prepa- 
ration. This  population  can,  in  general,  be  described  in  terms 
of  the  distribution  of  local  stress  a required  to  induce  their 
extension.  A convenient  cind  versatile  distribution  function  is 
the  two-parameter  Weibull  distribution; 

$(a,AA)  = 1 - exp  (6) 

where  AA  is  a surface  element  subjected  to  the  stress  a,  is 
the  scale  parameter,  m is  the  shape  parameter,  A^  is  a constant 
and  $ is  the  cumulative  probability  of  crack  extension.  Insert- 
ing the  tensile  stress  from  Eqs.  (4)  and  (5)  into  Eq.  (6)  and 
integrating  over  the  zone  of  tension  yields  the  following  ex- 
pression for  the  fracture  probability 


i 

% 

P 


I . 


- i. 

3 .. 

I, 

i ' 1 

L: 


(' 


1’^' — ^ — 
^ — >- 


Eq.  (8)  using; ^ 


= |-  PR 
4 


(1-v/)  (l-v^^) 


= <PR 


(9) 


where  R is  the  radius  of  curvature  at  the  contact,  E is  Young's 
modulus  and  the  subscripts  1 and  2 refer  to  the  two  materials  in 
contact ; then , 

2 (m+l)/3 

-Zn[l-$(P,f)  ] = — T^r  I (f  ,m,v)  . (10) 

A (2770  f r(™-2)/3  ^(in-2)/3 
o o 

The  ratio  a of  the  fracture  loads  with  and  without  friction  is; 

(n»+i) 


a = [I (f ,m, v) /I (m, v) ] 


(11) 


The  dependencies  of  the  fracture  probability  or  the  fracture 
load  on  the  contact  conditions  are  now  fully  specified.  It  is 
directly  evident  that  small  values  of  the  normal  load  and  the 
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PROBABILITY  FUNCTION  [ --(n  { I - 4>)] 


s i: 


friction  coefficient  and  large  values  of  the  contact  curvature 
are  required.  Additionally,  the  < term  (Eq.  9)  indicates  that  a 
low  elastic  modulus  of  one  constituent  (not  necessarily  both)  of 
the  contact  will  be  of  considerable  benefit. 


IMPLICATIONS 

The  preceding  analysis  has  indicated  that  the  incidence 
of  fracture  at  ceramic  contacts  is  influenced  by  the  normal  force, 
the  curvature,  the  friction  coefficient,  the  elastic  moduli  and 
the  distribution  of  pre-existant  near-surface  cracks.  These  in- 
fluences suggest  a combination  of  effects  that  can  be  used  to 
retard  fracture  initiation,  other  than  the  self-evident  effects 
of  reducing  the  normal  force  amd  increasing  the  curvature  by 
improved  design.  Firstly,  since  the  fracture  probability  can  be 
appreciably  decreased  by  reducing  the  elastic  modulus  of  one  con- 
stituent of  the  contact,  a compliant  elastic  interlayer  should  be 
beneficial.  An  elastic  interlayer  of  low  modulus,  but  adequate 
compressive  strength,  implies  an  elastic  material  containing  a 
large  proportion  of  porosity,  distributed  on  the  finest  possible 
scale.  Alternatively,  available  compliant  materials,  such  as 
graphite,  may  be  used  when  the  ambient  conditions  are  appropriate. 
Secondly,  the  low  friction  coefficient  requirement  suggests  the 
incorporation  of  a solid  lubricant.  This  might  be  particularly 
appropriate  for  the  porous  elastic  interlayer  concept,  because 
the  lubricauit  could  be  contained  by  the  pores  near  the  surface  of 
the  interlayer.  Finally,  the  influence  of  the  near-surface  flaw 
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distribution  suggests  that  superior  surfaces  in  the  vicinity  of 
the  contact  area  would  be  beneficial.  This  might  be  achieved, 
for  example,  by  depositing  a thin  surface  layer  of  high  quality 
onto  the  contact  region  using  chemical  vapor  deposition  techniques; 
a layer  with  a slightly  larger  expcuision  coefficient  then  the 
substrate-leading  to  residual  surface  compression  stress  - would 
be  particularly  appropriate. 
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HIGH  TEMPERATURE  CAVITY  GROWTH  IN  CERAMICS 


A.  G.  Evans 

ABSTRACT 

Observation  of  high  temperature  crack  growth  in  ceramic 
polycrystals  have  indicated  that  a viscous  phase  is  often  con- 
tained near  the  crack  tip.  The  role  of  this  liquid  phase  on 
high  temperature  crack  growth  is  explored  in  this  paper.  The 
liquid  is  shown  to  be  subjected  to  a tensile  pressure  during 
steady  state  crack  growth,  and  this  pressure  influences  the 
chemical  potential  gradients.  Also,  crack  extension  is  shown 
to  occur  by  either  a solution/reprecipitation  process  within 
the  crack  or  by  atom  transport  from  the  crack  through  the  ad- 
jacent grain  boundaries;  the  latter  being  the  more  prevalent. 
Approximate  expressions  for  the  crack  growth  are  derived  and 
their  implications  are  discussed. 


HIGH  TEMPERATURE  CAVITY  GROWTH  IN  CERAMICS 


A.  G.  Evans 


INTRODUCTION 

Recent  studies  of  high  temperature  crack  growth  in  poly- 
crystalline aliamina^  have  indicated  that  the  cracks  progress 
along  grain  boundaries  with  an  amorphous  phase  contained  at  the 
tip  (Fig.  la) . Fracture  surface  observations  indicate  that  the 
amorphous  material  bridging  the  crack  faces  (Fig.  lb) . These 
observations  also  suggest  that  the  amorphous  phase  should  be 
regarded  as  a viscous  liquid  at  the  test  temperature.  Some  of 
the  consequences  of  such  a liquid  phase  on  high  temperature 
crack  growth  are  examined  in  this  paper. 

Rigorous  analyses  of  diffusive  crack  growth  along  grain 
boundaries  have  recently  been  performed  by  Chuang  and  colleagues. 
Crack  growth  relations  have  been  derived  for  transport  occurring 
along  both  the  surfaces  of  the  crack  and  the  adjacent  grain 
boundaries.  A similar  approach  is  adopted  herein,  to  examine 
the  possible  modes  of  crack  extension  that  can  occur  in  the 
presence  of  a liquid  phase.  This  is  preceded  by  a preliminary 
analysis  of  the  pressures  that  develop  in  the  liquid  phase,  in 
an  attempt  to  rationalize  the  cavitation  observations  and  as  a 
basis  for  assessing  the  influence  of  the  pressure  on  the  crack 
growth . 


Scanning  electron  micrograph  of  a crack  in  hot 
pressed  alumina  formed  at  1550 “C.  The  location 
of  the  viscous  phase  is  indicated. 


T 


STRESS  DISTRIBUTIONS  IN  LIQUID  CONTAINING  CRACKS 


When  a stressed  crack  contains  a liquid  phase,  the 
liquid  transmits  stresses  that  depend  on  the  compressibility  (k) 
and  viscosity  (n) • For  a stationary  crack,  radius  2a  and  center 
separation  2b  (Fig.  2a) , filled  with  liquid,  the  liquid  develops 
a hydrostatic  tension  a given  by** 


a/a 
' 00 


4a(l-v2)“I  fb  . 4a(l-v2)1"^ 
2E  J |_<  2E  _ 


(1) 


where  a^  is  the  remote  stress.  However,  if  a exceeds  the  stress 
needed  to  initiate  a vapor  bubble  in  the  liquid,  the  stress  will 
decrease  to  a more  modest  level,  dictated  by  the  radius  of 
curvature  of  the  liquid  vapor  interface  | 


a 


2y 


LV 


LV 


(2) 


where  is  related  to  the  crack  surface  separation.  When  the 

crack  starts  to  move,  the  liquid  will  tend  to  flow  along  with 
the  crack  and  vapor  cavities  may  initiate  and  propagate  within 
the  liquid.  For  the  liquid  to  move  with  the  crack,  a stress 
gradient  must  develop  in  the  liquid,  related  to  the  crack  growth 
rate  v,  the  liquid  viscosity,  and  the  cavity  distribution.  If 
we  assume  that  the  flow  of  liquid  with  the  crack  is  analogous  to 
steady  state  flow  through  a channel,  the  governing  equation  for 
a steady-state  velocity  v and  a two-dimensional  crack  is  simply 
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LIQUID 


1 ^ELLIPTICAL 

O'  CRACK 
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Figure  2a.  A schematic  view  of  a liquid  filled  crack. 

2b.  A crack  containing  a liquid  phase  near  the  tip. 
2c.  A fully  contained  cavity  within  the  crack  tip 
liquid  phase . 
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3 dx 


where  2y  is  the  crack  surface  separation.  If  we  now  consider  an 
elliptical  crack  with  a liquid  volume  that  is  small  compared  to 


the  total  cavity  volume,  the  cavity  surface  profile  can  be  de- 
scribed by 


2b^x 

a 


(4) 


where  2a  and  2b  are  the  major  and  minor  axes  of  the  ellipse 
respectively,  and  x is  the  distance  from  the  tip  (Fib.  2b) . 
Substituting  Eq.  (4)  into  (3) , and  noting  that  the  pressure  must 


satisfy  equilibrium  requirements  [Eq.  (2) ] at  the  vapor  inter- 


face, gives 


where  x^  is  the  distance  between  the  vapor  interface  and  the 
crack  tip.  The  magnitude  of  x^  can  be  estimated  by  examining 
the  stability  conditions  for  a fully  contained  cavity  (Fig.  2c) . 
The  stress  gradient  from  the  primary  vapor  interface  to  the 
cavity  interface  causes  the  intervening  liquid  ligament  to  move 
at  a velocity  v* , in  approximate  accord  with  Eq.  (3) . The  stress 
gradient  Aa  (again  neglecting  vapor  pressure  effects)  is  given 


Substituting  for  ha/ Ax  in  Eg.  - (3^)  -then  gives 

fby, 


2 

^ “ I 


'LS 


1 3nv^ 


(7) 


Equating  v*  to  v gives  the  steady  state  location  of  the  pri- 
mary vapor  interface.  Cavities  will  form  when  the  liquid  volume 
exceeds  that  required  to  maintain  the  interface  at  x^.  Inserting 
this  value  for  x^  into  Eq.  (5)  yields  the  final  expression  for 
the  stress  distribution. 


- ^ 3nav  . 

7 2^ 

vJ  “ X 1 X/ll 

b^ 

ax 

3riv 

1 JJ 

Inspection  of  Eq.  (8)  indicates  that  the  stress  increases  as  the 
crack  tip  is  approached  (x  decreases) , and  as  n or  v increase 
(i.e.,  Eq.  (8)  has  no  maximum  for  finite  v) . The  presence  of 
crack  surface  tractions  created  by  the  tensile  stress  in  the 
liquid  will  reduce  the  stress  intensity  factor  below  the  applied 
value  (a^/ifa  ) , and  will  modify  the  chemical  potential  of  atoms 
on  the  crack  surface.  The  latter  effect  is  examined  in  subse- 
quent sections . 

GENERALIZED  CRACK  GROWTH  RELATIONS 

The  motion  of  a crack  in  a stressed  solid  is  considered 
to  occur  by  mass  transport  through  a liquid  phase  contained  near 
the  crack  tip  (Fig.  3) . When  the  crack  tip  is  followed  by  a 
detached  vapor  interface,  the  crack  can  extend  in  a steady  state 
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c)  DIFFUSIONAL  GROV^TH 


b SOLUTION  REPRECIPITATION 


Figure  3.  A schematic  indicating  the  atom  fluxes  through 
the  liquid  phase  for  (a)  differential  growth, 
(b)  solution/reprecipitation. 


mode,  at  a velocity  . The  crack  velocity  prescribes  the  atom 
flux  that  must  pass  through  each  element  of  liquid.  This  flux 
is,  in  turn,  related  to  the  chemical  potential  gradient  and 
hence  to  the  crack  profile.  There  are  unique  relations  between 
the  crack  profile  and  the  crack  velocity  that  depend  on  the 
dominant  mass  transport  process,  the  surface  energies  between 
the  liquid,  vapor  and  solid  phases,  and  the  imposed  boundary 
conditions.  The  relations  needed  to  obtain  the  crack  profiles 
are  developed  in  this  section,  following  an  assessment  of  the 
conditions  that  accompany  the  primary  modes  of  crack  growth. 


Chemical  Potentials 

The  chemical  potential  y contains  terms  associated  with 
changes  in  the  surface  energy,  strain  energy,  and  the  work  done 
by  the  distribution  of  forces.®  For  atoms  located  along  the 
surface  of  a crack,  addition  of  an  atom  (at  a ledge)  has  the 
following  effects:  the  surface  energy  changes  through  the  usual 
radius  of  curvature  term,  work  is  done  against  the  traction 
noAmat  to  the  crack  surface  (the  stress  a in  the  liquid  phase) , 
and  the  strain  energy  U of  the  system  increases  (for  fixed  grip 
conditions) . Consideration  of  these  three  contributions  leads 
to  a chemical  potential® 


t 


(1-v^)  (a^  + a^) 


V (1  + v) 


where  < is  the  local  curvature  (1/p) , is  the  local  tangential 


stress  at  the  crack  surface,  and  is  the  atomic  volvime.  In 


situations  where  appreciable  boundary  diffusion  occurs,  the 
stress  is  relatively  low  (<<E)  and  the  strain  energy  term  can 
be  neglected.  Crack  growth  then  occurs  by  the  migration  of 


vacancies,  formed  at  grain  boundaries,  into  the  crack  tip  (i.e., 
a flow  of  atoms  into  the  grain  boundary) . However,  in  the 
absence  of  boundary  diffusion,  the  strain  energy  term  is  not 
negligible  and  crack  growth  can  occur  by  a solution/reprecipita- 
tion process  involving  the  liquid  phase.  This  process  requires 
a net  flux  of  atoms  (through  the  liquid)  away  from  the  crack  tip 
and  hence,  that  the  potential  gradient  be  neoa  ive , i.e.,  for 


where  r is  the  distance  from  the  crack  tip.  To  estimate  the 
conditions  under  which  this  crack  growth  process  prevails,  an 
elliptical  crack  profile  will  be  assumed  and  the  chemical 
potential  terms  calculated  near  the  crack  tip. 

The  tangential  stresses  around  an  elliptical  crack 
normal  to  a uniaxial  applied  stress  are  given  by® 


^ sinh  2u  + e cos  28-1 
a _ o 


cosh  2Uq  - cos  20 


where  9 is  the  angle  between  the  crack  plane  and  the  crack 
surface  (9  = 0 at  the  crack  tip)  and  u^  = tanh“'(b/a).  For  a 
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(12) 


narrow  crack,  b <<  a,  Eq.  (11)  reduces  to 

^ 2(b/a)  - e" 
(b/a)  2 + 02 


Near  the  crack  tip,  small  9,  the  following  relations  can  be 
applied: 

9 = y/a  , y = b/2r/a 


Substitution  into  Eq.  (12)  then  gives 
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where  G is  the  strain  energy  release  rate.  For  relatively  narrow 
cracks  (b  <<  a)  the  curvature  is 


< 


dr^ 


and  hence  near  the  crack  tip. 
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Substituting  the  derivatives  of  U,  <,  and  a of  Eq.  (3)  into 
Eq.  (10) , now  gives 


4Ga^  > ^ 3riva 
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At  a location  near  the  crack  tip,  -r  = b,  Eq;  (15)  reduces  to 


P . ITT  ^SL  /b  . 

^ ^ X — /21 


vn  ^ 


A solution/reprecipitation  crack  growth  process  can  thus  occur 
at  large  G:  the  incidence  of  this  mode  of  crack  growth  being 
encouraged  by  small  values  of  the  solid/liquid  surface  energy 
and  of  the  liquid  viscosity.  (Note  that  the  dependence  of  the 
final  result,  [Eq.  (15) ] , on  r indicates  that  the  steady  state 
crack  shape,  if  steady  state  exists,  cannot  be  characterized  by 
an  ellipse.) 


The  Atom  Flux 

The  atom  flux  through  the  liquid  phase  for  steady  state 
crack  extension  can  be  derived  from  the  requirements  of  mass 
conservation  (see  Appendix  I).  For  example,  for  a positive  flux 
gradient  directed  toward  the  crack  tip,  (Fig.  3a) 


Also,  the  flux  is  related  to  the  chemical  potential  gradient  by’ 


J = - 


L L du 


kTfi  dr 


where  is  the  diffusion  coefficient  in  the  liquid  phase,  and 
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Ct  is  the  molecular  fraction  of  the  solid  material  dissolved  in  ji 

the  liquid.  Substituting  for  the  chemical  potential  gradient  ^ 

from  Eq.  (9)  , differentiating,  and  equating  to  Eq.  (17)  , then  |' 

gives  a differential  equation  for  the  crack  shape.  For  example, 

for  diffusion  controlled  crack  growth,  the  strain  energy  term 

Ccin  be  neglected,  and  the  governing  differential  equation  is:  i 
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The  differential  equations  that  describe  the  crack  shape  in  the 
presence  of  a liquid  phase  typically  require  jiumerical  solution. 
These  solutions  are  not  attempted  in  the  present  study.  Instead, 
approximate  cinalytic  solutions  are  developed,  in  order  to  pro- 
vide an  appreciation  for  the  important  physical  phenomena. 


APPROXIMATE  SOLUTIONS 


To  obtain  approximate  analytic  solutions  for  cavity 
growth,  the  gradients  of  pressure  and  strain  energy  are  linear- 
ized. The  pressure  linearization  is  analogous  to  invoking  a 
parallel-sided  crack  and  therefore,  is  most  pertinent  to  narrow 
cracks  (b  <<  a).  The  linearized  stress  gradient  [c.f.  Eq.  (3)] 
is 
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where  y is  some  averaged  value  of  the  crack  surface  separation, 
and  is  the  separation  at  x^. 

The  linearlized  strain  energy  term  is  adapted  from  the 
solution  for  an  ellipse  [c.f.  Eqs . (9)  and  (12)]  in  the  region 
near  the  crack  tip  (r  <<  a) ; viz. 


4Ga 

TTb^ 


1 r^' 

a (dr. 
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Recall,  however,  that  this  term  is  only  important  when  grain 
boundary  diffusion  is  not  occurring. 

Diffusion  Controlled  Crack  Growth 

The  linearized  differential  equation  governing  the  crack 
shape  for  a flux  directed  toward  the  tip  (as  pertains  to  diffusion 
control)  is  obtained  directly  from  Eq.  (19)  as 


dr" 


kTv 


c^  Yt 
L L LS 


(22) 


Specifying  the  crack  tip  location  and  equilibrium  angle,  a(cos()) 

= y^/2y„^)  , by:  y = 0,  r=0,  and  dy/dr  = (J> , the  solution  to  Eq.  (22) 
B oLi 

becomes 
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[1  - exp (-a 


(23) 


where  a = kTv/D^c^^Yj^gbn . This  shape  is  depicted  in  Fig.  4.  The 
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crack  surface  curvature  is 
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exp [-a 


(24) 


The  chemical  potential  of  atoms  at  the  crack  surface  can  now  be 
obtained  from  Eq.  (9)  as 
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and  at  the  crack  tip 
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The  chemical  potential  of  atoms  at  the  crack  tip  is  also  related 
to  the  tensile  stress  at  the  tip,  '^tip' 


(26) 


Equating  Eq.  (28)  with  Eq.  (27)  yields  a value  for  the  crack  tip 
stress , 
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An  extension  of  this  result  can  be  achieved  if  it  is  assumed 
that  there  is  no  atom  flux  through  the  vapor  phase  (so  that 
b = y^) , and  that  the  crack  length  is  sufficiently  large  that 
the  crack  width  b = y at  r = “;  viz, 


b = 
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If  it  is  also  assumed  that  the  average  crack  surface  separation 
y is  related  to  b by 


y Cb 


where  C is  a constant  (''^0.8  for  the  present  crack  shape)  , the 
tip  stress  becomes 
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This  result  should  be  used  with  caution,  because  the  above  set 
of  assiimptions  overspecify  conditions  on  the  atom  flux.  Never- 
theless, the  result  does  provide  useful  insights,  as  noted  below. 

The  flux  of  atoms  through  the  crack  tip  into  the  grain 
boundary  is 

^tip  ' (30) 

The  equivalent  grain  boundary  flux  at  the  tip  is® 


/ T \ = b b , 

^ b'tip  2kT  tip 


(31) 


where  is  the  derivative  of  the  stress  in  the  grain  boundary 

at  the  crack  tip.  Equating  Eqs . (30)  and  (31)  gives 


, ^ 2kTv 

tip 


(32) 


For  a given  crack  morphology,  the  quantities  snd  <^^j_p  can 

be  related  to  the  applied  stress  a^.  For  example,  for  a collinear 
array  of  cracks  of  length  2a  separated  by  a distance  2b,® 
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Combining  with  Eqs.  (29)  and  (32)  then  gives  a relation  between 
the  crack  velocity  and  the  applied  stress; 

ba  , 
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Large  values  of  the  coefficients  A,  B and  C yield  low  values  of 
the  crack  velocity.  Note  that  the  coefficients  containing  (j)  in 
the  denominator  only  apply  in  the  presence  of  the  liquid  phase. 
They  reflect  an  enhancement  of  the  crack  tip  stresses  due  to  the 
viscous  action  of  the  liquid;  which  in  turn,  reduce  the  driving 
force  for  boundary  diffusion. 

Solution/Reprecipitation 

The  linearized  governing  differential  equation  for 
solution/reprecipitation  can  be  derived  from  Eq.  (18)  and  (A17) 
as 

ih.  + ZSI (j.j.b)  p.  = 0 (34) 

dr* 
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The  solution  is  the  same  as  that  given  by  Eq.  (23) (if  dissolution 
at  the  crack  tip  occurs  rapidly  enough,  so  that  the  equilibrium 
crack  tip  angle  4)  is  maintained)  , except  that  a is  now  given  by 
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The  atom  flux  is  thus 


(35) 
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Equating  this  flux  to  the  flux  obtained  from  the  steady  state 
growth  requirements  [Eq.  (A16) ] then  relates  the  crack  driving 
force  G to  the  crack  velocity  v. 
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Substituting  for  a from  Eq.  (35)  yields  a relatively  complex 
expression  relating  G and  v,  in  terms  of  the  liquid  viscosity 
and  diffusivity. 


DISCUSSION 

The  approximate  solutions  for  high  temperature  crack 
growth  provide  a basis  for  estimating  the  importance  of  certain 
material  variables  on  high  temperature  failure  in  the  presence 
of  a viscous  phase.  The  prevalent  steady  state  regime  of  crack 
growth  entails  diffusion  of  atoms  from  the  crack  into  the  grain 
boundaries,  using  the  liquid  phase  as  a medium  for  enhanced 


diffusion.  Prominent  influences  in  this  regime  derive  from  the 
diffusivities  in  the  solid  (grain  boundary)  and  the  liquid,  and 
from  the  liquid/solid  equilibrium  angle  ()> . Large  values  of  the 
diffusivities  encourage  crack  extension,  as  might  be  anticipated; 
but  their  relative  influence  depends  on  the  magnitude  of  several 
other  variables.  The  influence  of  ip  is  interesting.  Intuitively 
it  might  be  anticipated  that  small  values  of  p,  i.e.  narrow 
cracks,  would  encourage  crack  growth.  However,  the  stresses  with 
the  liquid  become  very  large  as  the  crack  width  decreases  and 
this  tends  to  reduce  the  stress  gradient  in  the  solid:  thereby 
reducing  the  driving  force  for  grain  boundary  atom  migration . 

Hence,  the  crack  growth  rate  actually  tends  to  increase  as  (|)  in- 
creases. This  is  the  opposite  trend  to  that  found  for  crack 
growth  dictated  by  diffusion  along  the  crack  surface. ^ The  im- 
portance of  (j)  depends,  again,  on  other  variables:  notably  the 
viscosity  of  the  liquid. 

A solution/reprecipitation  mode  of  crack  extension  seems 
possible  \inder  conditions  which  prohibit  solid  state  atom 
migration.  Crack  extension  occurs  only  above  a minimum  applied 
G,  and  then  the  growth  rate  is  related  in  quite  complex  fashion 
to  G and  the  other  influential  variables  (such  as  the  liquid 
diffusivity  and  viscosity,  the  equilibrium  angle  <}>  and  the  surface 
energy) . 
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APPENDIX:  ATOM  FLUX  DUE  TO  MATTER  CONSERVATION 


The  volume  AV^  of  material  removed  per  unit  width  from 

yj 

a crack  surface  element  of  length  AS,  in  time  At  by  a positive 
flux  gradient  toward  the  crack  (Fig.  3a)  is 


AV^  = n[(J+AJ)y  - J(y+AS  sin9) ]At 

U 

= Q[AJy-AS  J sin9]At 


(Al) 


where  6 is  the  angle  defined  in  Fig.  3a.  The  volume  AV^  of 
material  removed  per  unit  crack  width  by  the  steady  state  motion 
V,  of  the  crack  in  time  At  is 


AV^  = V At  sin9  AS  . (A2) 

Hence,  in  the  absence  of  elastic  crack  opening  effects,  conser- 
vation of  matter  requires  that  these  volumes  be  equal , and  hence 


AJ 

AS  sin9 

Noting  that  Ay  e AS  sinS,  Eq. 
ential  form  as 


= . (A3) 

(A3)  can  be  expressed  in  differ- 


y 


dy 


Solution  of  Eq.  (A4)  gives 


(A4) 


(A5) 


where  C is  a constant.  Applying  the  boundary  condition,  J = 0 
at  y = b (the  crack  center) , Eq.  (A5)  becomes 


and 


dJ  _ v_ 
dy  ~ 


(A6) 


This  result  is  modified  if  appreciable  elastic  crack  opening 
effects  are  involved  (Fig.  3b) . The  contribution  due  to  elastic 
opening  can  be  explicitly  calculated  for  conditions  that  exclude 
stress  relaxation  due  to  boundary  or  lattice  diffusion.  Then  the 
crack  opening,  near  the  tip,  created  by  a remote  stress  is 


u 


2/2E 


(ra)  ^ 


(A7) 


In  time  At,  the  change  in  displacement  at  a distance  r from  the 
tip  of  a crack  moving  with  a velocity  v is  thus 


Au  = 


a (1  + V) 

00 

2/2E 


(a  + vAt)  ^ - a^ 


] 


0 (1  + V) 

00 

4/2E 


G ( 1 + v)  r ~|  ^ vAt 
2ttE  ( 1 - v)  J 4a 


(A8) 


The  increase  in  crack  volume  AV  associated  with  an  element  of 

c 

surface  AS  at  position  r is  then 


AV  = ASAu  COS0 
c 


G ( 1 + ) r ”]  ^ V cos9  ASAt 

2ttE  (1  - v)  J 4a 


(A9) 


For  a crack  with  an  approximately  elliptic  profile,  Eq.  (A9) 
becomes 
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±. 


yv  COS0  ASAt 
4b 


(AlO) 


AV 

c 


Gd  + v) 

4TrE  (1  - v)  a J 


The  prevalent  mode  of  crack  extension  in  the  absence  of 
diffusion  is  solution/reprecipitation;  this  involves  a flux 
directed  toward  the  crack  center,  such  that  atoms  are  deposited 
on  each  element  of  crack  surface  (Fig.  3b) . When  this  diminution 
of  the  crack  opening  is  more  than  counteracted  by  the  elastic 
opening,  a steady  state  growth  can  be  achieved,  as  depicted  in 
Fig.  3b,  i.e. , 

AV  = AV  - AV^  . (All) 

V c J 


Substituting  for  these  volumes  from  Eqs . 
gives 


J - 


Z+ 


V cot6 


(Al)  , 


(A2) 


and  (A9) 


(A12) 


where  = G(1  + v) /32ttE(1  - v)  . For  relatively  narrow  cracks, 
cot9  dr/dy; 


y 


dy 


V Br  vdr 
n n dy 


(A13) 


Assuming  a crack  with  an  approximately  elliptic  profile,  Eq.  (A13) 
reduces  to 


S+S  - 0 


(A14) 


w 

where  B*  = Ba  //2b  . The  standard  solution  for  this  first  order 
differential  equation  is 
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J 


(A15) 
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USE  OF  NUCLEAR  MAGNETIC  RESONANCE  TO  MEASURE 


COOLING  RATES  IN  RAPIDLY  SOLIDIFIED  METALS 

H.  Reiss 


ABSTRACT 

No  "real  time"  method  for  following  temperature  in 
rapidly  quenched  liquid  metal  drops  has  existed,  and  investi- 
gators have  been  forced  to  rely  on  the  uncertain  ex  post  facto 
method  involving  dendrite  arm  spacing.  The  liquid  drops  under 
consideration  are  generally  less  than  lOOy  in  diameter  and  are 
quenched  at  rates  of  10^-10®  deg  K sec~^.  Nuclear  magnetic 
resonance  (NMR)  offers  a potential  method  for  measuring  cooling 
rate . 

NMR  is  performed  at  radio  frequencies  (rf)  such  chat  a 
typical  penetration  depth  into  the  metal  is  of  the  order  of 
several  hundred  microns.  Thus  the  entire  volume  of  the  drop 
will  be  exposed  to  the  radiation.  Furthermore,  in  other  con- 
texts, there  exist  several  examples  of  the  application  of  NMR 
to  assemblies  of  small  liquid  metal  drops. 

The  configuration  envisioned  in  the  NMR  measurement  of 
cooling  rate  has  the  drops  shot  through  low  temperature  helium 
gas  between  the  pole  pieces  of  the  NMR  magnet  in  a steady 
stream.  In  this  steady  process  the  NMR  absorption  line  shape 
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can  be  measured  as  it  is  affected  by  changing  temperature  due 
to  cooling. 

We  have  calculated  these  line  shapes  for  the  case  of 
cooling  characterized  by  a linear  dependence  of  temperature  upon 
time.  Along  the  way  it  is  necessary  to  solve  the  Bloch  equations 
for  the  bulk  magnetization  of  the  drops  under  the  condition  that 
both  spin-lattice  and  spin-spin  relaxation  times  are  time  de- 
pendent (through  their  temperature  dependences).  Surprisingly, 
cuialytical  solutions  of  these  complicated  simultaneous  equations 
are  possible. 

The  results  appear  quite  promising  although  they  are 
different  for  metals  like  lithium  with  a quite  long  spin-lattice 
relaxation  time  ('^J80  milliseconds)  and  more  typical  metals  ('x-100 
microseconds) . The  line  shapes  are  quite  sensitive  to  cooling 
rate  (especially  line  broadening) . It  appears  as  though  NMR  may 
offer  a practical  technique  for  the  real  time  determination  of 


cooling  rate. 


USE  OF  NUCLEAR  MAGNETIC  RESONANCE  TO  MEASURE 


COOLING  RATES  IN  RAPIDLY  SOLIDIFIED  METALS 

H.  Reiss 

INTRODUCTION 

No  "real  time"  method  exists  for  the  measurement  of 
cooling  rates  in  rapidly  solidified  metal  droplets.  The  best 
available  technique  involves  the  measurement  of  dendrite  arm 
spacing^  and  this  method  is  limited  to  an  ^ post  facto  examin- 
ation of  the  solidified  material.  The  problem  is  complicated 
by  the  fact  that  if  crystallization  indeed  occurs  the  released 
latent  heat  (actually  observable  through  the  phenomenon  of 
recalescence)  leads  to  a decidedly  complicated  functional  de- 
pendence of  temperature  on  time.  If  a glassy  metal  should  be 
formed  there  will  be  no  dendrites  and  in  this  case,  the  one 
available  method  cannot  be  used.  It  is  therefore  important  to 
examine  other  possibilities  for  measurement,  and  to  estimate  the 
likelihood  of  success  in  each  case. 

Given  the  overall  problem  it  is  not  surprising  that 

s 

i almost  no  "other  possibilities"  exist.  The  only  one  which  comes 

i I 

to  mind  involves  some  application  of  nuclear  magnetic  resonance 
‘ * I (NMR)  which  we  shall  investigate  here.  NMR  is  particularly 

. suited  to  metals  since  it  is  a radio  frequency  vrf)  technique 

« Iv  and  the  penetration  of  the  rf  radiation  into  the  metal  is  of  the 
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order  of  several  hiindred  microna.  ..Since  the  rapidly  cooled 
metal  drops  are  less  than  lOOu  in  diameter  the  full  volume  of 
each  drop  will  therefore  be  exposed  to  the  rf  radiation. 
Actually,  metal  drops  have  already  been  studied^ ' ^ ® by  NMR 
in  other  contexts - 

The  general  configuration  contemplated  in  the  proposed 
measurement  is  one  in  which  the  drops  are  shot,  with  cool  helium 
gas,  between  the  pole  pieces  of  the  magnet  supplying  the  static 
field  at  which  time  they  are  also  exposed  to  the  rf  signal.  In 
passing  between  the  pole  pieces  they  are  therefore  continually 


.1 


cooled  at  a rate  which  presumably  affects  the  absorption  line 
shape.  It  is  this  line  shape  and  its  dependence  on  cooling  rate 
which  we  shall  attempt  to  calculate.  First,  however,  it  is 
necessary  to  introduce  some  conditions  which  will  make  analytical 
solutions  of  the  problem  possible.  Consider  the  cooling  process. 
If  a drop  is  at  temperature  when  time  t is  zero,  and  its 
radius  is  R,  then  the  temperature  at  a distance  r from  its  center 
at  time  t will  be  well  approximated  by® 


T = TQf(r)e 


-(6Kt/R^) 


(1) 


where  K is  the  thermal  diffusivity.  Equation  (1)  is  predicated 
on  the  assumption  that  at  the  boundary  of  the  drop,  at  r = R, 

T = 0.  Thus  the  drop  cools  at  all  its  interior  points  approxi- 
mately exponentially  and  the  temperature  depends  on  position 
within  the  drop  as  well  as  its  radius  R. 
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The  first  simplification,  we  shall  make  is  that  the  drops 
all  have  the  same  radius  and  that  the  temperature  is  independent 


{ 


f : 


of  position  within  the  drop.  Furthermore  we  shall  assume  the 
cooling  rate  to  be  linear  rather  than  exponential.  This  last 
condition  will  be  approximately  true  until  T = T^/2 . The  more 
realistic  process,  not  subject  to  these  conditions,  is  easily 
amenable  to  full  numerical  solution.  There,  however,  we  will  be 
primarily  interested  in  determining  whether  a measurable  signal, 
dependent  on  cooling  rate,  is  possible  in  the  first  place  and  we 
therefore  choose  the  simplest  conditions. 

If  the  drops  move  at  a velocity  v and-  the  length  of  the 
sensing  region  is  %,  the  time  t^  during  which  they  absorb  rf 
radiation  is 

^c  = f ^2) 

Assuming  a linear  cooling  rate  we  will  have 

T = T^  - 8t  (3) 

where  6 is  the  cooling  rate. 

We  will  consider  different  rf  frequencies  as  well  as 

different  values  of  6,  but  t will  be  maintained  constant.  This 

c 

is  likely  to  be  true  in  the  experimental  arrangement  since  both 
I and  V will  be  approximately  invariant,  although,  in  practice 
it  may  be  relatively  easy  to  vary  v. 

Steady  states  of  droplet  flux  will  be  considered  so  that 
the  number  density  of  droplets  between  the  pole  pieces  will  be 


constant  at  p.  Our  results  apply  more  naturally  to  cases  in 
which  crystallization  is  avoided  (glassy  materials)  since,  then, 
the  more  complicated  temperature-time  pattern  associated  with 
the  appearance  of  latent  heat  is  avoided.  However,  by  numerical 
analysis  it  should  even  be  possible  to  treat  the  more  complicated 
situation . 


LINE  SHAPE 

We  now  consider  the  quantity  we  need  to  calculate  in  more 
detail.  Consider  a single  drop  passing  between  the  pole  pieces 
of  the  magnet  and  being  cooled  in  transit.  The  bulk  nuclear 
magnetization,  i5i,  of  the  drop  will  be  time  dependent  for  several 
reasons.  First  will  be  time  dependent  because  the  drop  enters 
the  steady  field  with  zero  i^l  and  relaxes  towards  the  equilibrium 
value,  ^ of  Si.  Second,  there  will  be  a time  dependence  because 
the  drop  will  be  subject  to  a constant  rf  field  (which  for  sim- 
plicity we  assume  to  be  experienced  by  the  drop  simultaneously 
with  the  steady  field)  which  will  generate  a periodic  component 
of  Third,  and  most  important,  there  will  be  time  dependence 
because  the  drop  is  being  cooled  and  the  spin  relaxation  times 
will  be  time  dependent.  This  component  of  the  time  dependence 
will  allow  us  to  sense  the  cooling  rate. 

The  energy  absorbed  by  the  drop  from  the  rf  field  in  the 
time  dt  is  given  by 


dE  = V^H^(t)  -l^dt  (^ 

where  fr^(t)  is  the  instantaneous  magnetic  induction  due  to  rf 
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field  and  Vj^  is  the  drop  volume.’-  -The  total  energy  absorbed  by 
the  drop  during  t^ , the  time  it  is  in  the  sensing  region,  is  then 

t +t 


" ""d  P .f|  dt 


where  t^  is  the  time  at  v/hich  the  drop  enters  the  region. 

Now  consider  a stream  of  drops,  all  the  same  size,  and  of 
number  density  p.  Then  the  flux  density  of  drops  will  be  pv  and 
if  the  cross  sectional  area  of  the  stream  is  A the  number  of  drops 
entering  the  sensing  region  in  time  dt  will  be 


dN  = pvAdt 


where 


= f^dt 


= pvA^ 


Clearly,  the  energy  absorbed  by  this  group  of  drops  in  its 

passage  through  the  sensing  distance  I in  time  t will  be 

c 

J^E(t^)dt^  (8) 

In  the  steady  state  of  flow  the  drops  "filling"  the  sensing  region 
will  have  entered  over  a period  of  time  such  that  the  range  of 
tg  values  extends  over  an  interval  of  time  t^ . Then  the  energy 
absorbed  by  the  group  filling  the  sensing  space  (in  its  passage 
through  that  space)  is  given  by 
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t°+t- 
re  c 


AE  = 


SlE(t  )dt 
e e 


where  is  time  at  which  the  leading  edge  of  the  group  enters 
the  space . 

If  t^  consists  of  a whole  number  of  cycles  of  the  rf 
field  AE  will  be  independent  of  t°  Alternatively,  if  it  con- 
sists  of  a large  number  of  cycles  plus  a fraction  of  a cycle  it 
will  depend  negligibly  on  t°  since  the  dependence  can  only  arise 
from  the  fraction  of  a cycle  which  is  less  than  one  out  of  many. 
In  general  we  shall  be  interested  in  t^  values  consisting  of  many 
thousands  of  cycles  so  that  AE  may  be  considered  independent  of 


Consequently,  each  succeeding  group  of  drops  filling  the 
sensing  region  will  absorb  the  same  amount  of  energy  and  there- 
fore the  steady  absorption  of  energy  in  the  time  t^  will  be  AE 
which  corresponds  to  a power 


p ^ ^ I c E(t^)dt^ 

c c ^ 


where  in  the  integral  on  the  right  we  have  set  t^  = 0 since  AE 
does  not  depend  on  it. 

In  order  to  evaluate  E(tg)  from  Eq.  (5)  it  is  necessary 
to  know  ^i(t)  for  the  rapidly  cooled  drops.  We  address  this 
problem  in  the  following  sections. 
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THE  BLOCH  EQUATIONS  - ■ 

The  most  direct  route  to  the  bulk  magnetization  is 
through  the  Bloch  equations^  which  provide  a classical  phenome- 
nological description  of  i??.  Fortunately  the  Bloch  equations 
have  been  shown  to  apply  fairly  well  to  the  nuclear  magnetism  of 
liquids  and  are  therefore  especially  appropriate  to  the  present 
case . 

Before  writing  these  equations  a few  comments  about 
coordinate  systems  are  in  order.  In  the  laboratory  frame  the 
direction  of  the  steady  magnetic  field  is  chosen  as  the  z- 
direction.  The  x-direction  is  determined  by  the  direction  of 
polarization  of  magnetic  vector  of  the  rf  field.  In  dealing 
with  magnetic  moment  precession  it  is  convenient  to  work  with 
the  familiar  rotating  frame®  with  z-axis  parallel  to  the  z-axis 
of  the  fixed  frame  and  rotating  about  that  axis  with  the  angular 
frequency  u where  oo  is  also  the  frequency  of  the  rf  field.  In 
the  rotating  frame  a component  of  the  rf  field  is  constant  and 
the  component  at  right  angles  to  it  averages  (as  a practical 
matter)  to  zero  and  can  be  ignored. 

The  Bloch  equations  are  expressed  in  terms  of  the  ro- 
tating frame  and  the  components  of  nuclear  magnetization  in  this 
frame  are  written  as  M^,  and  M^.  These  equations  express 

the  time  dependence  of  ^ in  the  presence  of  the  rf  field  (polar- 
ized in  the  x-direction)  whose  magnetic  vector  (in  that  direction) 
is 


H, 


2H,  cosujt 


(11) 


The  equations  also  account  for  the-  effect  of  the  steady  field, 
Hq,  in  the  z-direction.  The  equations  are 

dM^  M 

(i: 


= YM  H - yM  (H  - 

dt  ' z 1 ' X o Y T. 


dT  = ^ 


M - M 
o z 


where  y is  the  magnetogyric  ratio  and  is  the  equilibrium 
magnetization*  in  the  steady  field. 


= rnY^fi^Id+l)  1 „ 
”o  ^ 3k„T  ^ “c 


Here  n is  the  number  density  of  spins,  K = h/2-n  where  h is 
Planck's  constant,  kg  is  the  Boltzmann  constant,  T,  the  tempera- 
ture and  I,  the  nuclear  spin.  In  Eqs.  (12)-(14),  T^  and  T^  are 
the  spin-lattice  and  spin-spin  (or  transverse)  relaxation  times 
respectively.  In  liquid  metals  T^  and  T2  are  approximately 
equal*  and  we  will  assxime  them  to  be  strictly  equal  and  denote 
both  of  them  by 

T = Ti  = Tj  (16) 


It  is  important  to  know  that  in  liquids  1/t  depends  approximately 
linearly^®  on  T so  that  we  may  write 

Y = olT  (17) 


where  a is  a constant.  We  note  that  Eq.  (15)  may  be  written  as 

(18) 

where  i is  independent  of  T and  given  by 

ny^K^Kl  + 1)H 


M = ^ 
o T 


C = 


3k 


B 


(19) 


Since  we  will  be  considering  cooling  rates  such  that  T depends 
linearly  on  time  we  may  write 


T = T^-6(t-tg) 


(20) 


where  B is  the  cooling  rate  and  is  the  temperature  at  which 
the  drop  enters  the  sensing  region. 

THE  ISOTHERMAL  CASE 

It  is  instructive  to  deal  first  with  the  isothermal  case 


in  which  6=0.  Then  t = Tj  = Tj  is  a constant  and  we  may  write 
Eqs.  (12)  through  (14)  as 


The  solution  of  these  equations  as  facilitated  by  defining  u,  v. 


and  w by  the  equations 


M = ue 

X 


M = ve 

y 


M = we 
z 


When  these  equations  are  substituted  into  Eqs.  (21)  through  (23) 
the  resulting  linear  equations  for  u,  v,  and  w are  easily  solved 


svibject  to 


u=v  = w=  0,  t = t. 


which  follows  from 


M =M  +M  =0,  t=t 
X y z e 


The  solutions  are 


M = (KjSin[h(t-t  ) l+KjCos [h(t-tg) ] )e 


-a(t-t  ) M h h -a(t-t  ) 
^)  ])e  ® - — — - e ® 

® h^ 


M h h 
o o 1 


a'  +h2 

. -a(t-t  ) aM  h 

M,  = ^ (K  cos[h(t-t  ) ]-K,sin[h(t-t  ) ])e  ® (33) 

y K ® ^ ® (a^+hM 


M = (K  sin[h(t-t  ) ]+K  COS  [h(t-t  ) ] )e 

z n 6 A 6 

o 


-a(t-t^) 


Mh / -a(t-t  ) 

+ -5-L.  e ® + M 

h^ 


-a(t-t  )>!  Mh / 

+ M 1-e  

^ a^+h^ 


where 


Li 
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= - 


aM..  h , 
o o 1 

h(a2+hM 


M_a^h_h 


K = o o 1 

^ hMa^+hM 


h = (h 


We  now  need  to  evaluate  E(tg)  prescribed  by  Eq.  (5) , but  first 

we  must  express  ^1,  defined  in  the  laboratory  frame,  in  terms  of 

M and  M in  the  rotating  frame.  Actually,  since  H(t)  is  de- 
X y 

fined  by  Eq.  (11)  it  has  only  an  x-component  in  the  laboratory 
frame  and  the  scalar  product  in  Eq.  (5)  therefore  only  requires 
the  x-component  of  which  is 


= M^cosujt  + MySintot  (3 

since  the  rotating  frame  rotates  with  the  angular  frequency  u. 
Then  Eq.  (5)  becomes 

ft  +t  , 

E(t_^)  = V_  ^ ® (2H , cos(i)t)  cosoot  + M sinwtjdt  (3' 

e D 1 dt  ^ X y ^ 


We  can  substitute  Eqs.  (32)  and  (33)  for  M and  M in  this 

X y 

equation.  Before  doing  this  we  integrate  by  parts  to  get 
E(tg)  = 2HjVj^{cosa)(t^+tg)  [M*cos(jj(t^+tg)  + M*sincj(t^+t^)  ] 


+ 0)  sinoj  (t ' +tg)  [M^cosca (t ' +tg)  + M^sinoj  (t ' +tg)  ]dt ' } (40) 
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where  M*  and  M*  are  the  values  o-f  W and  M at  t = t + t and 
X y X y c e 

where  we  have  set  M (t'=0)  and  M (t'=0)  equal  to  zero  in  ac- 

X y 

cordance  with  Eq.  (31).  Furthermore  we  have  introduced  t' 
defined  by 

f = t-tg  (41) 

The  integrauid  in  the  integral  of  Eq.  (40)  may  be  expauided 
trigonometrically  to  yield 

integrand  = M^sintot ' costot ' [cos^wtg  - sin^wt^] 

+ M [cos^ut'  - sin^iijt ' ] sinojt  coswt 
X e e 

(42) 

+ M [sin^oit'cos^cot  + cos^cot ' sin^wt  ] 
ye  e 

+ M [2sina)t'cosa)t'sina)t  coscot  ] 
y Q © 


Now  we  turn  to  Eq.  (10)  and  note  that  E(t^)  given  by 
Eq.  (40)  must  be  integrated  over  t^.  This  integration  can  be 
performed  before  the  integration  over  t'  in  Eq.  (40).  If  t is 
set  equal  to  a whole  number  of  cycles,  i.e.. 


t = ^ (43) 

c OJ 

where  g is  an  integer,  then  most  of  the  terms  in  the  integremd 

expressed  in  the  form  of  Eq.  (42)  will  integrate  (over  t^)  to 

' zero  since  cos^wt  and  sin^wt  have  the  same  integral  over  a 

e e 

whole  number  of  cycles.  The  second  and  fourth  terms  will  inte- 
grate to  zero  because  sinoitgCosuit^  is  an  odd  function.  Finally, 

; because  sin^wt  and  cos  ^ ait  have  the  same  integral  the  third 

A e e 

term  may  be  retained  in  the  form 


M„[sin^(iJt'  + cos^wt-' ] s-in-^ujt  = M sin^wt 
y eye 


Thus  we  get 


integrand  = M sin^wt 

ye 


Substitution  into  Eq.  (40)  gives  for  the  integral 


integral  = wsin^cot 


t =il3. 


My(t')dt' 


The  first  term  on  the  right  of  Eq.  (40)  may  similarly  be 
expanded  trigonometrically,  and,  upon  examination  in  relation  to 
integration  over  a whole  niomber  of  cycles  of  t^,  the  surviving 
term  is  simply 

first  term  = M*sin^(Dt  (47) 

X e 

Substitution  into  Eq.  (40)  gives 

.212 

E(tg)  = 2HjV^{m*  + oj  J My(t')dt' Isin^ujtg  (48) 

0 

Substitution  of  Eq.  (48)  into  Eq.  (10)  then  gives 


2V„nH  rt 


-iiin  fZ.  r ^ 

t ^ j j ^ M^(t' )dt' }sin^a)t^dt^ 


i; 


U)V 

— ^ {M*  + a)  J “ My(t')dt'}sin2wtgdt^ 

0 0 


My(t')dt'  } 
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Substitution  of  Eqs.  (32)  through-<36)  into  Eq.  (49)  yields 


V«1 


M 

O 

h( 


h h , a r 
o 1 J a 

a^+h^) 


cos 


2iTgh  _ 2 


0) 


M ah  (u 
o 1 


(a^+h^) 


2^  2 


sin- 
_ 2iTga 

U) 


_ 2TTga 

(i) 


sin 


2iTgh  ^ 

(a^+h^) 


(50) 


For  example,  substituting  y froia  Eq.  (63)  into  Eq.  (65)  gives 


d9 


Z + ; X 

k_ 


= -me 


2 


This  can  be  integrated  subject  to  Eq.  (67)  to  give 


^ . 1 Mr 

^ + ir  " nr 

o ^ 


erf  I To/I 


f 


-erf 


I 


0 /- 


Differentiating  Eq.  (63)  once  with  respect  to  9 gives 


= .k  ^ 

d92  ° 


Now  Eqs.  (64)  and  (69)  may  be  substituted  into  Eq.  (70) 


where 


d^x 

d92 


/ 'I  ^ 

+ s^x  = k k m Nrr 
o 1 [2kJ 

erf 

k/s] 

o/  2 

-erf 

1 

1 

s 


2 


+ k 2 
1 


The  solution  of  Eq.  (71)  is  immediate.  Thus  we  have 


+ Asin(s9)  + Bcos(s9) 

where  A and  B are  constants  to  be  determined  by  Eq.  (67) 
i is  . 


(68) 

(69) 

(70) 
to  yield 

(71) 

(72) 

d9'  (73) 

, and 
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Substitution  of  Eq.  (-73)-  into  Eq.  (60)  then  gives 


liii 

M = e ^ Asin  (s0) +Bcos  (s0)  + 


k k m 
o 1 


IT 

2k 


erf 


rp  /k 

^o/  2 


I 


k k , m 
o 1 


2k 


|%2ise'  I 


3 


(74) 


d0"  d0' 


From  this  expression  we  may  determine  by  substituting  into 
Eq.  (53) . In  fact  we  discover 

+lsil 

M = -e  ^ ^ cos(s0)-  ^ sin(s0) 

^ o o 


(75) 


ik.  m 


1 TT 


s 2k 


^is0  f -is0'  c 
e 1 e erf 


O' A 


d0  ' 


We  may  now  use  Eqs.  (74)  and  (75)  in  Eq.  (40)  to  de- 
termine E(t  ).  However  it  is  first  convenient  to  rewrite  this 
e 

equation  in  terms  of  0-  Thus,  using  Eqs.  (51)  and  (52)  we  get 


E(t^) 


= 2H, V^Ccosu) ( t -♦■t  ) [M*cosaj(t  +t  ) +M*sinu)(t  +t  )] 

IJJ  C©X  C©  Y c© 


(76) 


U)  / o c 


sin(jo(iJj+t  ) [M  ( 0)  coscj (4;+t  ) +M  sin(j()(4'+t  )]d0} 

© X ® y © 


where 


(Jj  = 


T -0 
o 


(77) 


We  can  in  fact  use  the  same  trigonometric  expansion  as  in  the 

case  of  Eq.  (42)  and  we  find  (again  for  t corresponding  to  a 

o 

while  number  of  cycles,  in  place  of  Eq.  (48) , 


-kT 


V2 


M^(T  ) , etc, 


In  order  to  examine  the  feasibility  of  determining  the 
cooling  rate  in  this  manner  we  need  to  compare  the  scaled  power, 
P/VpJ2Hj  given  by  Eq.  (79)  with  the  same  quantity  for  the  case  in 
which  there  is  no  cooling,  i.e.,  with  specified  by  Eq. 


(30)  with  a and  set  to  the  values  they  have  at  9 = T . For 

o o 


convenience  we  denote  the  scaled  power  given  by  Eq.  (79)  as  4) ' 
and  that  given  by  Eq.  (50)  as  (j) . Then  feasibility  requires 
to  be  non-zero  (i.e.,  4)'  should  be  relatively  measurable)  but 
not  unity.  If  the  ratio  were  unity  4)'  would  be  measurable,  but 
cooling  would  exhibit  no  effect  which  means  that  cooling  rate 
would  not  be  measurable . 

For  convenience  we  set  the  various  pertinent  parameters 
at  the  following  not  untypical  values : 

S = 10^  K sec~^ 
a = 10  K sec”^ 


h,  = 10  sec 


- 1 


s = 10"^ 

h^  = 0 sec“^  (w=aj^=YHQ,  for  resonsnce) 
u)  = 10®  sec”^ 
g = 800 


(82) 


T = 1000  K 
o 


C = 3x10“®  ergs  K gauss“^ 

In  order  to  apply  Eq.  (79)  it  is  necessary  to  evaluate 


M and  M given  by  Eqs.  (80)  and  (81)  for  use  in  Eq.  (79) . The 
X y 


-St: 
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quadratures  in  these  equations  are  best  obtained  numerically. 
However  we  can  easily  obtain  order  of  magnitude  estimates  by 
cinother  procedure.  We  return  to  Eq.  (71)  . In  this  equation  we 
approximate  erf by  a two  piece  function,  namely. 


® i * 


- 


This  amounts  to  replacing  erf|^9  / ^ linear  function  having 

the  same  initial  slope  as  the  erf  f\inctions  until  the  value  of 
the  approximate  function  reaches  unity,  the  limiting  value  of 
the  erf  functions.  Thereafter,  erf  is  approximated  as  the  con- 
stant, unity. 

Substitution  of  Eq.  (83)  into  Eq.  (71)  yields 


+ s^x  = k„k,m[T  -0],  0 < T, 

d0^  oil  - 1 


+ s'^x  = 0 


0 > T, 


where 


T = 

1 2k 


With  the  values  selected  in  Eq.  (82)  we  find 


T,  = 1253K 


and  since  Tj  = lOOOK,  this  means  that  the  entire  domain  of  our 
calculation  is  restricted  to  the  first  of  equations  (84)  , whose 
solution  is 
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. J t 


k(,kjm 


X = A sin(s6)  + B cos(s9)  + (T  -9) 

9 1 


where  A and  B are  constants  of  integration.  We  determine  y from 
X by  using  Eq.  (63)  and  find, 

s 

y = - {A  cos(s9)  - B sin(s9)}  + (88) 

^0  s^ 

Finally  A and  B are  determined  by  sxibstituting  Eqs.  (87)  and  (88) 

into  Eq.  (67).  Then  M and  M are  obtained  from  Eqs.  (60)  and 

X y 

(61) . The  final  results  are 


k k m T 

_J_J_{T  -9-(T  -T Jcos[s(T  -9)  ]-#sin[s(T  -9)  ] }e  ^ (89) 


M = ■“  ■■  {T, 

^ s 2 ' 


M = {l+s(T  -T  )sin[s(T  -9)]-cosIs(T  -9) ] }e  (90) 

y 2 10  0 0 


It  is  easy  to  show  that,  with  the  values  of  parameters 
chosen  in  Eq.  (82),  the  following  approximations  are  accurate. 


e = 1 - 


sin[s(Tg-9) ] = s(Tg-6) 


cos  [s (T„-9) ] = 1 - 


s"(Tg-0) 


Substitution  of  Eqs.  (91)  through  (93)  into  Eqs.  (39)  and  (90) 


and  the  results  into  Eq.  (79)  gives 
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Employing  the  same  values  in  Eq.  (50)  with  a = aT^  and  * C/Tj 
gives 

(j)  = 3.16x10”^  ergs  gauss”^  (97) 

Thus  we  have 

^ = 0.039  (98) 

<P 

which  is  neither  zero  nor  unity,  thereby  demonstrating  the 
potential  feasibility  of  the  method. 

CONCLUSION 

Our  conclusion  is  simple.  On  the  basis  of  a first 
analysis  it  seems  possible  to  measure  large  cooling  rates  by 
NMR  techniques.  Other  configurations  and  other  NMR  experiments 
may  lead  to  more  expeditious  means  of  measurement.  We  have  in 
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mind  "spin  echo"  and  "rotatin.g  frame"  methods,  but  the  utility 
of  these  still  remains  to  be  analyzed. 
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DAMAGE  THRESHOLDS  IN  CERAMICS  CAUSED  BY  WATER  DROP  IMPACT 


A.  G.  Evans 

ABSTRACT 

Models  for  the  initiation  of  fractures  by  near  surface 
tensile  pulses  created  by  water  impact  and  the  subsequent  sur- 
face chipping  created  by  lateral  jetting  are  developed.  These 
models  highlight  the  influence  of  parameters  such  as  the  surface 
micro-toughness,  the  wave  velocity  (/modulus/density),  the  pre- 
existent surface  microcrack  population,  as  well  as  the  projectile 
size,  velocity  and  density  on  the  incidence  of  damage.  Several 
implications  for  the  design  of  materials  with  superior  rain 
erosion  resistance  are  then  presented. 
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DAMAGE  THRESHOLDS  IN  CERAMICS  CAUSED  BY  WATER  DROP  IMPACT 
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. I 


INTRODUCTION 


The  mechanisms  of  rain  erosion  damage  on  ceramics  have 
been  identified  in  several  recent  studies . ^ ^ ^ “ At  the  damage 
threshold,  it  is  evident  that  the  daunage  consists  of  short  circum- 
ferential surface  cracks  (Fig.  la)  produced  by  the  relatively 
large  amplitude,  short  duration  tensile  pulse- associ ated  with  the 
propagation  of  the  Rayleigh  wave.  The  cracks,  once  formed,  always 
exhibit  a residual  displacement  normal  to  the  surface  (Fig.  lb) , 
exposing  a protuberance  to  the  impact  center."*  This  protuberance 
interacts  with  the  water  drop  after  lateral  jetting,  to  cause 
local  chipping  and  possibly,  to  extend  the  cracks  (Fig.  lb) . 

The  configuration  of  the  cracks  - a large  number  of  small 
cracks  in  the  vicinity  of  the  high  stress,  short  duration  stress 
pulse  - indicates  that  the  crack  formation  depends  on  both  the 
amplitude  and  duration  of  the  pulse.  An  interpretation  of  the 
damage  might,  therefore,  be  based  on  an  analysis  of  the  time  de- 
pendent activation  of  surface  cracks  by  a tensile  Rayleigh  wave 
pulse. ^ An  approximate  analysis  that  indicates  the  relative 
roles  of  the  material  and  projectile  variables  on  the  damage 
threshold  is  described  in  the  first  part  of  this  paper.  The 
analysis  uses  (and  correlates  with)  selected  numerical  results.^ 


(0) 


CENTER 
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IMPACT 

X 


JETTING 


(b) 


Figure  1. 


The  chipping  damage  at  surface  prottiberances  is  a par- 
ticularly deleterious  form  of  damage,  vis-a-vis  the  resultant 
optical  properties.  A preliminary  analysis  of  this  mode  of 
damage  is  presented  in  the  second  section  of  the  paper,  in  an 
attempt  to  identify  the  parameters  that  influence  the  extent  of 
chipping. 

Finally,  the  implications  of  the  cinalyses  for  the  sup- 
pression of  the  cracking  and  chipping  thresholds  are  discussed, 
with  particular  reference  to  materials  development  suggestions 
pertinent  to  the  design  of  more  erosion  resistant  window  materials. 

CRACK  FORMATION  THRESHOLD 

Analyses  of  the  stress  intensity  factor  at  finite  station- 
ary cracks  subjected  to  a normal  tensile  stress  pulse  have  indi- 
cated® that  K varies  with  time,  t;  initially  as  t^  and  then  as 
a damped  sinusoid  about  the  quasi-static  stress  intensity  factor 
Kg  (Fig.  2).  An  approximate  K(t,a)  function  that  contains  the 
essence  of  the  time  and  crack  length,  a,  dependence  is  given  by;^ 

(K/Kg)2  = 1.44[1  + (ttV4)  (a/tc)  (1) 

where  c is  the  wave  velocity  (the  Rayleigh  velocity  for  surface 
cracks).  For  time  dependent  pulse  profiles,  a solution  for  K 
can  be  obtained  by  summing  K due  to  each  prior  time  increment,’ 


The  quasi-static  stress  intensity  -factor  can  be  obtained  from 
the  stress  a(z,r)  associated  with  the  Rayleigh  wave  by  applying 
the  Green's  fxinction^ 


Ks(r) 


2(^) 


(3) 


where 


F(z/a)  = (1-z/a)  (0.295-0. 39(z/a)  ^+0.77(z/a) ‘*-0.99(z/a)  ® 
+ 0.51(z/a) ®] . 


The  stress  gradient  at  the  radial  location  where  the 
surface  stress  is  a maximum  has  been  computed  numerically®  and 
shown  to  vary  as ; 

a = a exp  -(z/z^)^  (4) 

where  a is  the  stress  of  the  surface  and  z is  a measure  of  the 

o 

stress  gradient.  Inserting  a from  Eg.  (4)  into  Eg.  (3)  gives. 

Kg  = 2a  /a/iT  I (a/z^)  (5) 


where  I(a/z^)  is  plotted  in  Fig.  3:  a convenient  analytic 
approximation  for  I(a/z^),  is  found  to  be; 


I = tt/2  /1+  (a/z^) 


(6) 


so  that 


Kg  = o [Tra/  (1  + a/z^)  ] ' 


= aa 


(7) 


The  pulse  profiles  predicted  by  the  numerical  calculations^'® 
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RAYLEIGH 

WAVE 


0.83(K/CT)[(l+a/Zo)/(irQ)] 


Note  that  the  quantity,  aa^^/ca  is  just  the  ratio  of  the  loading 

time  t to  the  time  taken  for  a stress  wave  to  traverse  the 
m 

length  of  the  crack,  t^(=a/c).  At  this  juncture  the  approximate 
validity  of  the  analysis  is  established  by  comparing  the  crack 
length  dependence  of  K with  numerical  computations®  (Table  I) . 

For  relatively  steep  stress  pulses,  t^  < 0.2t  , and  large  cracks, 
a > 0.2z^,  Eq.  (10)  reduces  to; 


K '\.2.4(a  ) 
m 


V2 


z c 
o 


TTaa, 


(11) 


indicating  a inverse  dependence  on  a , in  very  good  agreement 
with  the  numerical  results  (Table  I) . Now,  by  equating  K to 
(the  crack  extension  condition)  the  value  of  the  peak  stress  at 
the  threshold,  c^,  can  be  found.  In  general,  from  Eq.  (10); 


where 


K /T+a/zT 

a = cos((j)/3) 

/rra’ 


<P 


cos”  ^ 


13.2  a 
K^c  /1+a/z^ 


(12a) 


The  two  limit  solutions  are  of  interest.  For  long  relative 
loading  times  (ca  >>  aa^ ) , 

Li 


^c 

'^c  '^1.2 


f 1+a/z, 


ira 


(12b) 
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TABLE 

I . Summary  of 

Numerical  Results 

(Ito  and  Rosenblatt) 

1 

Crack 

Length  ( ym) 

K (MPa/m) 

max 

Time  at  K^j,(ys) 

25 

2 

0.143 

50 

1.4 

0.159 

100 

0.9 

0.180 

0 

— 

0.136 

] 
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whereas,  for  short  relative  loading  times  (ca  <<  aa  ) ; 


a 

c 


TT(l+a/z^) 

4 . 6c 


(12c) 


It  is  now  possible  to  express  the  threshold  in  terms  of 
the  critical  target  and  projectile  parameter  by  invoking  the 
dimensionless  material  independent  quantities  T,  Z,  P,  utilized 
by  Blowers®  in  his  analytic  stress  analysis,  viz. 

m _ 2c^t  „ _ 2cz  _ a 

^ (rv)  ' ^ " (rv)  ' ^ (pcv)  * 

r P P 

Inserting  these  quantities  into  Eqs.  (12)  we  obtain  a threshold 

impact  velocity  v°.  It  is  found  that  three  conditions  prevail, 

P 

which  can  be  referred  to  relative  values  of  the  quantity  r v /ac 

P P 

and  the  two  material  independent  quantities  (the  time  taken  to 

attain  the  peak  stress  at  the  location  of  interest  vis-a-vis  the 

impact  center)  and  (a  measure  of  the  sub-surface  stress 

gradient  at  the  same  location).  The  three  results  are;  for 

vr  /ac  larger  than  both  2/Tj.  and  2/Z  (quasi-static)  , 
p p li  o 

v°  6 K /p  c /a  ; (13a) 

P ^ c p p 


for  V r /ac  between  2/Tt  and  2/Z 
p P 1j  o 


(13b) 


and  for  v r /ac  less  than  both  2/T^  and  2/Z  (fully  dynamic) , 


(13c) 


f • 

I 

! 

Ll 


''p  ' ' 

where  Sj,62  ^3  material  independent  constants. 

Inspection  of  Eqs.  (13a, b,c)  indicates  the  unambiguous 
advantage  of  a high  target  toughness,  a low  projectile  density 
and  a low  projectile  wave  speed  (low  impedance).  Usually,  a 
large  target  wave  velocity  and  a small  projectile  radius  will 

n 

also  be  preferred,  except  for  very  large  values  of  v r /ac  with 

P P 

respect  to  the  stress  pulse  parameters  Tr^,  Z“^ . The  most  regime 

Li  O 

dependent  parameter  is  the  crack  length,  a;  the  threshold  can 
increase,  decrease  or  remain  invariant  as  the  crack  length  in- 
creases. It  is  particularly  important,  therefore,  to  identify 
the  relevant  regime  before  anticipating  the  influence  of  the 
crack  length. 


CHIP  FORMATION 

The  problem  of  chip  formation  is  addressed  using  a quasi- 
static analysis.  The  formation  of  the  protuberance  is  presumed 
to  occur  because  the  crack  follows  a mixed  mode  trajectory;  the 
relative  displacement  of  the  crack  faces  is  then  restrained  from 
full  restoration  by  frictional  effects  associated  with  the  non- 
planar  character  of  the  fracture  surface  (Fig.  lb) . The  residual 
displacement  is  thus  assumed  to  be  related  to  the  displacement  5 
during  propagation;  this  is  given  approximately  by; 

6 /a/4  u/2tt  (14) 

where  u is  the  shear  modulus.  Further,  we  note  that  the  arrest 
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crack  length  depends  on  the  toughness  and  wave  velocity;  ' an 
approximate  relation  (Aa  >>  a^) , expressed  in  terms  of  the 
material  independent  parameters  is 

Aa  P^c^v^rp/K^c  (15) 

where  8^  is  a constant.  Combining  Eqs . (14)  and  (15)  the  dis- 
placement 5 becomes; 

6 '^BjPpCpVp'/^rpVc'^  . (16) 

Note  that  6 is  independent  of  the  fracture  toughness. 

The  magnitude  of  the  pressure  applied  to  the  protuberance 
by  the  jetting  water  depends  on  the  local  velocity  v ^ . It  is 
assumed  that  there  is  no  significant  boundary  layer  development, 

the  pressure  p (after  an  initial  transient  of  pcv^)  is; 

p '^^P  v^/2  (17) 

This  pressure,  acting  over  the  area  of  the  protuberance,  gener- 
ates tensile  stresses  along  the  surface  of  the  crack.  The  magni- 
tude of  the  stress  depends  on  both  the  crack  angle,  9,  and  the 
distance  r from  the  protiiberance  and  is  given  approximately  by 
(B.  Budiansky,  private  communication)*: 

a = 2p[(9/sin9)  ^ - l]“Ml  + 6/r)"^  (18) 

These  tensile  stresses  will  initiate  chip  formation  if  they  ex- 
ceed the  stress  needed  to  extend  the  small  secondary  cracks  that 

*The  exact  solution  is  rather  complex  and  deviates  appreciably 
from  Eq.  (18)  in  the  limits  r-^0  and  r-*-“.  However,  the  approxi- 
mate form  does  provide  a useful  analytic  solution  for  the  chip- 
ping problem. 


are  distributed  along  the  surface  of  the  major  cracks.  These 
secondary  cracks  are  dictated  by  the  microstructure,  and  typi- 
cally are  of  the  order  of  the  grain  size  G in  length.  The 
extension  stress,  a^,  for  the  secondary  cracks  is  thus; 

Qg  (19) 

where  is  the  extension  resistence  of  the  secondary  cracks 
(usually  < K^) . 

The  chip  formation  problem  can  now  be  analyzed  by  con- 
sidering a distribution  of  secondary  cracks , related  to  the  dis- 
tribution of  grain  sizes,  subjected  to  the  stress  distribution 
supplied  by  the  jetting  water  (Eq.  18).  If  we  consider  that  the 
important  secondary  cracks  are  dominated  by  the  large  grain  size 
extreme,  an  appropriate  expression  for  the  probability  <))(G)dG 
that  the  secondary  crack  size  will  be  in  the  range  G to  G+dG  is;® 

<))(G)dG  = (G^/G)^d(G/G^)  (20) 

where  G^  and  k are  the  scale  and  shape  parameters  respectively. 

If  we  also  recognize  that  the  separation  between  secondary  cracks 
is  related  to  the  grain  size,  an  expression  for  the  probability 
6<ti(G)  of  finding  secondary  cracks  larger  than  G in  an  area  6A  of 
crack  surface  can  be  written  as ; 

«00 

5<()(G)  = (6A/G^)  G^'^G"^dG  = (6A/G^)  (G^/G)^~^(k-1) (21) 


Where  G is  the  average  separation  between  cracks ; given  by  some 
multiple  of  the  scale  parameter  G^.  Now,  substituting  for  G 
from  Eq.  (19),  the  probability  6(t»(crg)  that  chip  formation  will 
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where  b is  the  crack  width  and  a the  crack  depth.  Substituting 
the  distribution  of  crack  surface  stress  given  by  Eq.  (18),  then 
gives ; 

l-<f(6,v.)  = exp[-2{Tr/2Kj^)^^'^(b/G2)  [G^"^/(k-l)  ] 


[pVj/(9/sine) ^-1) 


(r/6) [l+(r/6) ] 


2k-2 


dr 


(24) 


The  integral  can  be  readily  evaluated  for  specific  values  of  k. 
For  example,  for  k=2  the  integral  is,  (2a ^ 6+3a^ 6 ^+2a6 M /5^ (a+6) 
+2  6Jln  (l+a/5)  . Inspection  of  Eq.  (24)  indicates  that,  except  for 
small  k,  the  chip  formation  probability  depends  strongly  on  the 
local  toughness  K^,  the  grain  size  G^,  the  crack  length  a,  and 
the  jetting  velocity  Vj ; in  the  sense  that  large  toughness  and 
small  grain  size  materials  are  preferred.  There  is  a relatively 
small  influence  of  the  displacement  5 which,  from  Eq.  (16) , im- 
plies that  large  wave  velocities  could  slightly  suppress  chip 
formation . 
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IMPLICATIONS 

The  primary  implications  of  both  the  theory  and  experi- 
ment are  that  the  damage  threshold  in  the  elastic  response  regime 
is  influenced  by  both  the  wave  velocity  and  toughness  of  the 
material.  The  wave  velocity  is  a microstructure-insensitive 
property,  and  its  influence  on  the  damage  has  implications  pri- 
marily for  the  basic  choice  of  the  material,  i.e.,  materials  with 
a large  modulus  and  low  density  such  as  Si^N^,  SiC,  AI2O2.  By 
contrast,  the  toughness  is  highly  microstructure  sensitive,  and 
s\ibstantial  opportunities  exist  for  increasing  the  damage  resis- 
tance by  attending  to  the  material's  toughness.  However,  it  is 
critical  to  recognize  that  the  pertinent  crack  growth  resistance 
relates  to  the  extension  of  surface  or  near-surface  cracks.  This 
immediately  establishes  the  importance  of  a fine  surface  grain 
size.  A fine-scale  microstructure  also  enhances  the  shipping 
threshold  and  thus  has  a dual  advauitage.  The  requirement  for  a 
fine-scale  microstructure  essentially  eliminates  one  important 
mode  of  toughening,  controlled  microfracture,  which  only  pertains 
to  relatively  coarse  grained  (''^10  ym)  materials  or  to  relatively 
coarse  multiphase  systems.  Also,  relatively  tough  two-phase 
metal/ceramic  systems  (e.g.,  WC/Co)  may  not  be  effective  because 
of  perturbations  caused  by  deformation  of  the  metal  phase. 
Nevertheless,  several  attractive  toughening  approaches  that  can 
be  applied  to  essentially  single-phase  systems,  e.g.,  stress- 
induced  phase  transformations  and  grain  pull-out,  seem  pertinent. 
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The  role  of  the  pre-existent  crack  size  is  more  complex. 
Decreasing  the  surface  crack  size  can  either  increase  or  decrease 
the  dcimage  threshold,  depending  on  the  details  of  the  stress 
pulse.  It  is  believed  that  many  important  practical  problems  are 
in  a dynamic  regime,  in  which  large  cracks  are  preferred  to  small 
cracks;  but  this  should  not  be  regarded  as  a universal  result. 
Further  numerical  studies  are  needed  to  completely  define  the 
conditions  that  lead  to  the  three  regimes  of  crack  activation 
behavior . 
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A REMARK  ON  SOME  REPORTED  MEASUREMENTS  OF  THE  VISCOSITY 
OF  WATER  AT  VERY  HIGH  PRESSURES 
G.  H.  Vineyard 


An  interesting  method  of  measuring  the  behavior  of  a 
fluid  behind  a shock  wave  front  has  been  devised  by  Al'tschuler, 
et  al,^  and  applied  in  an  effort  to  determine  the  viscosity  of 
water  at  pressures  between  30  and  80  kbar.  The  viscosity  was 
found  to  be  greater  by  five  orders  of  magnitude  than  the  vis- 
cosity of  water  under  normal  conditions.  These  results  are 
consistent  with  very  high  viscosities  for  water,  mercury,  and 
other  liquids  deduced  from  rippled- front  shock  wave  experiments 
by  other  Russian  workers.  Because  these  very  high  viscosities 
are  difficult  to  rationalize  (by  orders  of  magnitude)  and  because 
such  viscosities,  if  real,  would  be  important  in  stabilizing 
shock  fronts,  it  is  of  considerable  interest  to  know  how  much 
reliance  to  place  in  this  work. 

Unfortunately,  the  paper  by  Al'tschuler,  et  al  appears  to 
have  a serious  flaw.  The  method  of  measurement  is  to  place  fine 
wires  of  copper  or  tungsten  in  the  fluid,  in  a superposed  mag- 
netic field.  The  wires  are  aligned  parallel  to  the  shock  front 
and  are  connected  in  some  fashion  to  an  oscillograph.  Passage  of 
the  shock  front  displaces  the  wires  along  the  direction  of  the 
particle  motion  behind  the  front  and,  by  virtue  of  the  magnetic 


1 


field,  induces  an  EMF  that  is  observed  on  the  oscillograph. 

This  allows  the  velocity  of  the  wire  to  be  determined  as  a 
function  of  time.  Thin  foils  are  also  deployed  and  measure  in 
the  same  way  the  velocity  of  the  fluid  behind  the  front  as  a 
function  of  time.  Ascribing  the  motion  of  the  wire  to  the  drag 
exerted  by  the  moving  fluid,  (i.e.,  assuming  quasi-static  con- 
ditions) the  observations  determine  the  drag.  Since  the  relative 
velocity  of  fluid  and  wire  is  also  known,  drag  is  converted  into 
viscosity  by  employing  known  values  of  the  drag  coefficient  for 
a cylinder.  The  drag  coefficient  is  a function  of  the  Reynolds 


number. 


R = Pd  (u-v) 


where  p is  the  density  of  the  fluid,  d the  diameter  of  the 
cylinder,  u the  instantaneous  velocity  of  the  fluid,  v the  in- 
stantaneous velocity  of  the  wire,  and  n is  the  viscosity  of  the 


fluid . 


Al'tschuler,  et  al  use  the  drag  coefficients  measured  by 


Tritton^.  However,  Tritton's  data  cover  the  range  0.5  < R < 100. 
For  larger  Reynolds  numbers  the  drag  coefficient  has  complex 
behavior,  and  over  a large  range  is  nearly  independent  of  R. 

If  one  assumes  n to  be  the  order  of  10^  Poise,  the  rele- 
vant values  of  p,  u,  and  v give  R in  the  range  5 to  20  or  so, 
which  is  in  the  realm  to  which  Tritton's  data  apply.  However, 
if  n is  very  much  smaller  than  10^,  as  other  considerations  would 
argue^,  then  the  Reynold's  number  is  far  above  Tritton's  range. 
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and  it  would  appear  to  be  very  difficult  to  determine  it  from 
the  Al'tschuler  data.  If,  for  example,  n is  0.01  Poise  (the 
value  at  normal  pressure)  the  Reynolds  number  for  these  experi- 
ments is  in  the  range  10®  to  10®. 

Al'tschuler,  et  al  actually  calculate  velocity-time  curves 
for  the  test  wires  which  come  out  in  moderately  good  agreement 
with  the  observations  over  the  time  range  'vO.5  to  3usec,  as  well 
as  can  be  judged  from  the  very  small-scale  figure  given  in  their 
article.  However,  moderate  changes  in  the  deduced  drag  coef- 
ficient would  allow  the  curves  in  the  figure  to  be  fit  about  as 
well  by  the  very  different  assumption  that  R >>  1,  (the  highly 
turbulent  realm)  implying  that  n is  near,  or  not  enormously 
higher  than,  its  zero  pressure  value.  Therefore,  the  high  vis- 
cosities of  shocked  water  reported  by  Al'tschuler,  et  al  should 
be  taken  with  reserve.  Indeed,  if  R is  above  100,  it  is  doubt- 
ful whether  an  unambiguous  determination  of  n can  be  made  by  this 
method . 

Incidentally,  a formula  for  viscosity  as  a function  of 
pressure  is  also  given  in  the  Al'tschuler  paper.  It  is  an  acti- 
vatipn  volume  type  of  fomiula,  which  has  some  theoretical  basis 
(see  Frisch,  Eyring,  and  Kincaid,  J.  Appl.  Phys.  75  (1940) 

and  which  can  fit  the  data  presented. 

However,  to  fit  the  data  it  is  necessary  for  the  authors 
to  assume  an  activation  volume  for  shear  which  is  close  to  one 
molar  volume.  This  is  surpirsingly  large  for  flow  in  an  ordinary 
fluid.  Thus  Frisch,  et  al  find  the  activation  volume  for  liquid 
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mercury  between  0 and  6 kilobars  to  be  a little  less  than  one 
twentieth  of  the  molar  volume;  for  water  they  find  the  activation 
volume  to  vary  from  a very  small  fraction  of  a molar  volume  up  to 
one  seventh  of  a molar  volume  at  5 kilobars.  Such  activation 
volumes,  of  course,  go  with  a much  more  modest  variation  of  vis- 
cosity with  pressure. 

I have  attempted  to  reproduce  the  calculations  by  which 
Al'tschuler  et  al  found  viscosities  from  their  data.  The  effort 
is  made  difficult  by  their  failure  to  present  their  data  in  any 
form  other  than  a minute  graph  of  all  of  the  velocity-time  curves. 
Nevertheless,  it  is  illuminating  to  make  the  attempt.  Reading 
velocities  and  accelerations  from  their  curves  (their  Fig.  1)  as 
best  as  one  can,  and  assuming  not  more  than  about  10%  accuracy  in 
the  process,  I find  the  following: 


Expt . No . 

Time  Range 
Used 
(y  sec) 

R 

n X 

10"^ ,P 

Pressure 

kb 

1 

0.2  - 1.5 

5 

. - 22. 

3.5 

- .31 

2.2 

- 5. 

8j. 

- 61 

2 

0.2  - 3.0 

4 

.8  - 3.2 

4. 

- 3.2 

2.6 

- .29 

81 

- 41 

3 

0.8  - 3.0 

2 

.9  - 9.7 

10.5 

- 1.1 

1.8 

- 7. 

31 

- 28 

5 

2 

2.0 

23 

.19 

31 

- 27 

Here  is  the  derived  drag  coefficient,  R is  the  Reynolds  number 
found  from  Cj^  with  the  use  of  Tritton's  data,  and  the  viscosity 
is  derived  from  the  Reynold's  number  so  found.  The  pressures 
are  as  stated  by  the  experimenters . Experiment  4 was  not  re- 
calculated. The  two  values  quoted  for  Cj^,  R,  and  n are  the 
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extremals  at  the  earliest  and  latest  times,  and  are  given  in  that 
order.  Experiment  2 appears  anomalous  because  falls  as  time 
increases , and  as  a consequence  the  predicted  values  of  n in- 
crease. Since  the  pressure  is  falling  during  the  time  of  measure- 
ment, the  viscosity  should  decrease.  Also,  the  ranges  of  values 
of  Cjj,  R,  and  n are  quite  large.  The  3 microsecond  value  of  n in 
experiment  2 is  very  small,  and  the  value  of  n derived  from  ex- 
periment 5 is  strangely  small.  These  features  do  not  have  a ready 
explanation  within  the  framework  of  assumptions  given  in  the  paper. 

Another  consideration  is  the  relaxation  time  of  the  flows 
involved.  If  one  assumes  that  transient  flow  in  a viscous  fluid 
requires  a characteristic  time  x to  reach  steady  state,  x may  be 
calculated  as  the  ratio  of  kinetic  energy  per  unit  volume  to  rate 
of  energy  dissipation  per  unit  volxome.  For  flow  at  a velocity  v 
with  characteristic  shear  rate  e,  this  ratio  is 


X = 


pv‘ 

ne‘ 


gives 


X = 


pd^  = M 
n V 

pd" 


(1) 


where  R is  the  Reynolds  number,  ^-7j— • For  the  flows  in  the 
Al'tschuler  experiment  R=0.3to22,  d=5x  10”^  cm,  v = 10 ® 
cm/sec,  and  n = 200  to  5000.  The  range  of  x predicted  by  the 
above  equation  is  then  about  0.15  to  10  ysec,  with  a middle 
value  of  about  3 ysec.  Since  the  exact  niamerical  constants  that 
may  be  required  in  Equation  (1)  have  not  been  developed,  these 
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numbers  should  be  considered  order-of-magnitude  estimates  only. 
Nevertheless,  they  indicate  that  steady  state  conditions  may  not 
have  been  reached  in  the  Russian  experiments,  even  employing  the 
high  viscosities  the  Russians  favor.  With  more  ordinary 
viscosities  the  relaxation  time  would  be  very  much  longer  still. 
This  consideration  may  also  explain  some  of  the  oddities  in  the 
data  reported. 

In  summary,  it  is  felt  that  the  viscosities  reported  by 
Al'tschuler,  et  al  should  be  taken  with  reserve. 
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SOURCE  MONOCHROMATICITY  CONSIDERATIONS 
FOR  OPTICAL  INTERFEROMETRY 
Amnon  Yariv 

ABSTRACT 

The  requirements  on  optical  source  monochromaticity  in 
applications  involving  distance  interferometry  are  examined. 
Limiting  sensitivities  auid  bandwidth  requirements  are  obtained. 
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SOURCE  MONOCHROMATICITY  CONSIDERATIONS 


FOR  OPTICAL  INTERFEROMETRY 


Aimon  Yariv 


Numerous  applications  exist  which  use  optical  inter- 
ferometry to  detect  extremely  small  displacements.  A generic 
experimental  arrangement  common  to  most  of  these  situations  is 
shown  in  Fig.  1. 

To  illustrate  the  basic  problem  consider  first  the  case 
where  the  incident  light  beam  is  perfectly  monochromatic 


Eo(t)  = E^costot  = E^Re(e-^"^)  (1) 

and  the  mirror  motion  is  modulated  sinusoidally  at  some 
"acoustic"  frequency  <<  w) 

^2  ^20  (Ail)cosnt.  (2) 

In  this  case  the  total  field  at  the  detector  input  can 
be  written  as 

. . i[u)t  - - Jl.  - ^(A£)cosnt] 

. (3) 

The  current  output  from  the  detector  is  given  by  the  "long- 
time" average^ 
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-i[-^(Jl20-^i)  +— (A£)cosnt] 

i(t)  = aE^  (t)  = aE^  1 + e ^ 

s o 


+ 4r(A£)cosJ2t] 


where 


X 1 + e 


= aE^{2  + 2cos  [(J)q  + 6cosf2t]  } 


= 2aE^  [1  + cos4)^cos  ( 6cosJ^t)  - sin(})^sin  ( 6cosf2t)  ] (5) 


4)  = ^{%  -I  ) 

O C 2 0 1 


is  the  phase  shift  due  to  the  difference  in  path  length  of  the 
two  arms  of  the  interferometer  and 


6 = — AH  . 
c 


Since  the  expected  motion  AH  is  very  small  compared  to  an 
optical  wavelength  we  have  6 <<  1 so  that 


i(t)  = 2aE^  [1  + cos4)^  - 6cos  (J^t)  sinc})^]  . (8) 

The  output  current  thus  contains  a component  oscillating  at  the 

acoustic  frequency  Q.  with  an  amplitude  proportional  to  the 

5 c 

maximum  displacement  AH  = — . A practical  difficulty  which 
will  be  considered  below,  is  the  need  to  keep  the  phase  shift 

corresponding  to  the  path  difference  of  the  two  arms  a constauit 
to  within  a fraction  of  an  optical  wavelength.  If  is  equal 
(or  is  nearly  equal)  to  some  multiple  of  -rr,  the  output  current 


Li 


.4.  -- 
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at  n will  be  zero.  This  difficulty  can  be  avoided  by  using  a 
heterodyne  scheme  as  will  be  discussed  further  on. 


A fundamental  issue  in  this  type  of  distcmce  interfer- 


ometry is  the  minimiim  excursion  M which  cam  be  detected.  This 


minimum  value  (AJl)  is  ultimately  limited  by  the  noise  at  the 

min 


output  of  the  detector  at  frequencies  near  that  of  the  signal 


If  a perfectly  monochromatic  laser  is  used  as  the  source  and 


dark  current  is  neglected  then  the  main  noise  mechanism  is  shot 


noise  current  due  to  the  mean  current  generated  by  the  light. 


The  mean  square  value  of  the  shot  noise  current  is 


n shot 


= 2el  Av  = 4eaE^Av 


where  = 2aE^  is  the  dc  current  at  the  output  of  the  detector 
o o 


oind  Av  is  the  detection  bandwidth. 


The  signal  current  at  (assuming  sin<|)^  = 1)  has. 


according  to  (8) , an  amplitude 


i^  = 2aE^6 
s o 


so  that  the  signal-to-noise  power  ratio  at  the  output  is 


2a^E^6^  aE^5^  P 

o o o 


(i^)  , . 4eaE^Av 

n shot  o 


4hvAv 


where  we  used  2aE^  = P en/hv  where  P = total  incident  optical 

o o o 


power  and  n the  qucintum  eff'ciency  of  the  detector.  The  minimum 


excursion  (AJl)„.  is  obtained  by  setting  ii/ (.i^)  = 1 and 

min  ■*  ^ s n shot 


using  (7) . The  result  is: 
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(tl) 


X /hvAv 

min  “21:/  P n 
o 


(12) 


This  result  is  often  referred  to  as  the  "photon-noise 
limited"  detectable  excursion  since  the  only  noise  mecheuiism 
considered  was  shot  noise  generated  by  the  signal.  It  repre- 
sents the  ideal  limit  of  detection. 

It  is  thus  imperative  to  determine  how  this  ideal  goal 
of  shot  noise  limited  detection  can  be  approached.  In  what 
follows  we  will  show  that  if  the  optical  source  is  not  suf- 
ficiently monochromatic  then  the  output  of  the  detector  will 
contain  additional  noise  that  may  far  overshadow  the  shot  noise 
and  thus  increase  the  minimum  detectable  signal  to  levels  far 
in  excess  of  the  ideal  limit. 

Before  embarking  on  a detailed  mathematical  analysis 
let  us  illustrate  the  physical  origin  of  the  noise  which  arises 
when  the  optical  source  has  a finite  spectral  width.  Let  the 
optical  spectrvim  have  a constant  value  A over  a narrow  spectral 
region  B and  be  zero  elsewhere  as  shown  in  Fig.  2.  Two  optical 
fields  oscillating  at  two  frequencies,  say,  fj  and  £2  will  beat 
with  each  other  to  yield  an  output  current  oscillating  at  fj-f^. 
If  fj'fj  is  near  the  signal  frequency,  then  this  new  current 
"contaminates"  the  signal  and  constitutes  a new  noise  source  in 
addition  to  the  shot  noise.  Since  this  noise  results  from  the 
self-beating  of  the  optical  field  it  is  referred  to  as  homodyne 
noise  due  to  the  finite  spectral  width  of  the  source  and  to 


compare  it  to  that  of  shot  noise  at  frequencies  near  that  of 
the  acoustic  signal. 

In  calculating  the  noise  spectrum  of  the  current  due  to 
the  finite  spectral  width  of  the  optical  source  we  take  the 
optical  field  as  e(t)  and  the  output  current  as 


i (t)  = ae^ (t) 


with  the  understanding  that  all  current  components  of  i(t)  at 
optical  frequencies  are  suppressed  by  the  finite  response  time 
of  the  detector.  We  regard  the  field  e(t)  as  a random  stationary 
Gaussiatn  process.  It  follows  directly^  that 


<eje2>  = <e^>^ + 2<e^e2>^ 


where  e^  = e(tj)  and  the  < > symbol  denotes  ensemble  averaging. 

Letting  the  autocorrelation  functions  of  the  field  and 
current  be 


R (t)  = <e(t)e(t+T)> 

(15) 

Rj_(T)  = <i(t)i(t+T)>  = a^<e^  (t)  e^  (t+x)  > 

respectively,  we  obtain  from  (14)  letting  e^  ->■  e(t),  e^  -*■  e(t+T), 

i(t)  ij,  ij  ->■  i(t+T) 

R^(t)  = a^ { <e^ (t) >^  + 2<e (t) e (t+x) >^ } 

(16) 

= aMR^(O)  + 2r2  (X)  } 
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This  is  the  basic  result  relating  the  current  spectral  density 
S. (f)  to  the  optical  spectral  density  function  S (f). 


If  the  optical  spectrum  can  be  approximated  as  in  Fig.  2 

by  a constant  over  a spectral  band  B centered  on  and  zero 

elsewhere,  then  the  current  spectrum  Sj^(f)  is  shown  in  Fig.  3. 

It  consists  of  a delta  fianction  at  f = 0 and  triangular  regions 

centered  on  f = 0 and  f = The  area  under  the  delta  fvinction 

is  a^R^(O)  = 4a^A^B^  since 
e 

Rg(0)  = <eMt)>  = Pq  = 2AB  (19) 


where  P^,  is  the  total  optical  power  incident  on  the  detector. 

In  practice,  no  optical  detectors  can  respond  at  optical 
frequencies  so  that  the  noise  bands  centered  on  ±f^  do  not  exist 
and  we  need  concern  ourselves  only  with  that  portion  of  the  noise 
spectrvim  in  Fig.  3 which  is  centered  on  f = 0. 

Since  acoustic  frequencies  which  we  may  wish  to  detect 
are  typically  very  small,  <<  B,  the  noise  spectral  density 
which  interferes  with  the  measurements  of  acoustic  signals  is 
given  by  S^(0) . The  ratio  of  this  noise  to  the  shot  noise  is 


S^(0) 


S^(0) 


2a^P^/B  a^P^hv 
o o 


2el, 


Be^'P  n 
o 


(20) 


I^,  the  dc  current  output,  is  given  by 


P en 

I = a<e^>  = aP  = -r— ? — 
o o hf  _ 


(21) 


where  n is  the  quantum  efficiency  (electrons  per  photon)  of  the 
detector.  It  follows  that  a = so  that 


-229- 


Figure  3. 


The  spectral  density  of  the  current  output  of  a 
square  law  optical  detector  illuminated  with  light 
whose  spectrum  is  shown  in  Figure.  2.  The  two 
triangles  at  f = tf,-.  do  not  exist  in  practice  since 
present  day  detectors  cannot  respond  at  optical 
frequencies . 
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®shot 
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The  ratio  of  homodyne  (S^(0))  to  shot  noise  in  a typical 
case  involving  the  use  of  a light  emitting  diode  as  the  source 
is  evaluated  using  the  following  data: 

P = Imw 
o 

n = 0.5 

X = lym 

f = r = 3x10^ 
c X 

B = 6x10 (corresponding  to  a 20A 
linewidth) 


This  results  in 

S.  (0) 

= 4000 

^shot 

In  words:  The  homodyne  noise  under  these  circumstances  is  far 
(X4000)  larger  than  the  shot  noise  and  any  system  consideration 
based  on  interferometry  with  wide  spectrum  light  must  take  it 
into  account.  This  can  be  done  simply  by  replacing  the  shot 
noise  term  i^  in  Eq.  (9)  or  (11)  with  S^(0).  In  the  present 
example  the  minimum  detectable  signal  will  be  larger  by  /4000 . 

The  conclusion  of  the  above  treatment  is  that  for  sensi- 
tive interferometry  one  must  use  sources  with  spectral  width  B 


1: 

i; 
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narrower  tham  the  acoustic  frequency  to  be  detected  so  that 
the  latter  falls  outside  the  region  f < B occupied  by  the  homo- 
dyne noise.  This  situation  is  illustrated  in  Fig.  4. 

The  spectral  purity  which  is  required  for  detection  of 
acoustic  signals  in  the,  say,  KHz  range  is  available  only  from 
coherent  sources  such  as  lasers. 

When  considering  the  spectral  requirements  of  lasers  we 
need  to  distinguish  between  frequency  modulation  (FM)  noise  and 
amplitude  modulation  (AM)  noise. ^ The  homodyne  noise  considered 
above  is  due  to  AM  alone  (a  square-law  detector  does  not  respond 
to  phase  fluctuations) . It  is  then  possible  that  a laser  with  a 
"broad"  spectrum,  B > can  still  be  used  for  "acoustic"  de- 
tection provided  the  FM  component  of  the  noise  is  sufficiently 
narrow  so  that  B^^^  < This,  fortiinately , is  the  case  with  most 

lasers  where  amplitude  fluctuation  (i.e.,  AM  noise)  are  smoothed 
by  gain  saturation.^ 

We  mentioned  at  the  outset  that  for  a maximum  signal  out 
of  the  detector  one  need  satisfy,  according  to  Eq.  (8) , the 
condition  = tt/2  . This  requires  (see  Eq.  (6))  that  the  path 
difference  between  the  two  arms  of  the  interferometer 
stable  to  within  a fraction  of  the  optical  wavelength  X.  This 
requirement  is  extremely  difficult  to  satisfy  in  practice.  This 
problem  can  be  solved  by  shifting  the  reference  beam  E^e^'^^ 

(see  Fig.  1)  in  frequency  (say,  by  acoustic  Bragg  diffraction) 
to  a frequency  tOj  + to+a)-,. 


(co_,  will  be  called  the  intermediate 


frequency.)  The  total  field  at  the  detector  is  given,  instead 
of  by  Eq.  (3) , by 


. , . i (u)t-(})^-6cosf2t) 

Es(t)  = Eoe^“i‘  + E^e  ° (23) 

The  detector  output  current  is  then 

i(t)  = aE^(t)  = 2eM1  + cos  [ (u).-(jo)  t + (j>  + 6cosfit]  } . (24) 

The  signal  spectrum  is  thus  one  of  phase  modulation  aind  is 
centered  about  the  intermediate  frequency  (IF)  Wj-w.  The  need 
for  maintaining  (J)^  a constant  is  now  obviated.  All  that  is 
needed  of  (|)^  is  that  its  variation  be  small  during  an  acoustic 
period  2tt/Q.  The  spectral  purity  of  the  laser,  more  precisely, 
that  due  to  its  frequency  modulation,  must  still  satisfy  B < n. 

The  signal  is  recovered  by  conventional  phase  demodulation 
of  i (t)  . 

In  sxammary,  we  have  examined  the  basic  noise  mechanisms 
which  interfere  with  the  detection  of  small  acoustic  vibrations 
by  means  of  optical  interferometry.  The  limitation  on  sensitivity 
due  to  the  finite  optical  spectral  width  was  derived.  The  main 
conclusion  is  that  the  AM  spectral  width  of  the  source  need  be 
small  compared  to  the  lowest  acoustic  frequency  if  the  sensitivity 

I is  to  approach  the  quantum  photon  noise  limit. 

I ACKNOWLEDGEMENT 

I • 

i This  research  was  supported  by  the  Defense  Advanced 

I » 

! • ' Research  Projects  Agency  of  the  Department  of  Defense  under 

1 Contract  MDA90 3-76C-0250  with  The  University  of  Michigan. 


References 


1.  A.  Yariv,  "Introduction  to  Optical  Electronics,"  2nd  ed.. 
Holt,  Rinehart  & Winston,  New  York,  1976,  p.  3. 

2.  W.  B.  Davenport  and  W.  L.  Root,  "An  Introduction  to  the 
Theory  of  Random  Signals  and  Noise."  McGraw-Hill  Gook  Co., 
Inc.,  New  York,  1958. 

3.  See,  for  example:  A.  Yariv,  "Quantum  Electronics,"  2nd  ed.  , 
J.  Wiley  & Sons,  New  York,  1975,  p.  300  and  references  cited 
therein. 


r 


METHOD  FOR  MEASURING  SHOCK  FRONT  RISETIMES 


J.  J.  Gilman  and  A.  Yariv 


Knowledge  of  the  structures  of  shock  fronts  is  presently 
limited  by  available  techniques  for  measuring  the  time  duration 
of  the  pressure  rise  through  the  shock  front.  The  best  method 
is  the  laser  interferometer  which  has  a time  resolution  limit  of 
about  3x10”^  sec.  For  a shock  front  speed  of  10®  cm/sec  this 
yields  a spatial  resolution  limit  of  about  3x10“ ® cm.  However, 
the  intrinsic  limiting  shock  front  thickness  in  a solid  is  an 
atomic  dimension;  say  3xl0“®  cm.  Thus  the  experimental  observa- 
tional limit  may  be  as  much  as  10®  times  too  large. 

The  time  resolution  needed  for  an  accurate  determination 
of  the  shock  front  risetime  might  be  as  small  as  3x10“^“  sec. 

It  is  unlikely  that  such  resolution  can  be  achieved  in  the  for- 
seeable  future,  but  laser  pulses  as  short  as  10“^^  sec  are 
presently  available  and  could  be  used  to  improve  the  state  of 
knowledge  by  up  to  three  orders  of  magnitude. 

The  conditions  needed  to  improve  the  resolution  by  one 
order  of  magnitude  will  be  considered  here  because  study  of  the 
problem  quickly  indicates  that  synchronization  of  the  arrival 
of  a picosecond  light  pulse  and  a shock  wave  at  a free  surface 
presents  a severe  experimental  difficulty. 
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A mode-locked  laser  normally  emits  a train  of  light 


I 

I 


pulses  in  which  each  pulse  lasts  about  10"^^  sec  and  the  pulses 
are  spaced  about  3xi0“®  sec  apart.  Thus  the  ratio  of  "on  time" 
to  "off  time"  is  about  3x10"**  which  is  the  probability  of 
synchronization  if  a shock  front  arrives  at  a free  surface  at  a 
random  time  relative  to  the  train  of  light  pulses.  By  increasing 
the  length  of  each  pulse  to  about  10"^*  sec  and  reducing  the 
laser  cavity  length  from  100  to  30  cm,  the  on-off  ratio  could  be 
increased  to  about  10"^. 

Next,  by  dividing  the  free  surface  at  which  the  shock 
front  emerges  into  a mosaic  of  100  small  mirrors  each  spaced  in 
a sequence  10"**  cm  apart  in  the  direction  of  shock  propagation 
(so  that  a total  range  of  10"^  is  covered) , the  probability  that 
at  least  one  mirrored  position  would  simultaneously  be  struck 
by  the  emerging  shock  front  and  a light  pulse  could  be  increased 
to  unity. 

As  indicated  in  the  attached  figure,  a fast  non-linear 
optical  gate  could  be  used  to  isolate  single  picosecond  pulses 
while  a pin  contact  (with  10"*  sec  resolution)  could  be  used  to 
trigger  a Q-switched,  mode-locked  laser  and  an  optical  shutter 
so  as  to  produce  a single  picosecond  pulse  at  the  time  of  arrival 
of  a shock  wave.  A photographic  film  is  placed  to  record  speci- 
men mosaic  when  at  least  one  of  the  mosaic  elements  coincides 
with  the  shock  front.  The  intensity  of  the  image  would  provide 
a measure  of  the  time  duration  of  the  interaction. 
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ACOUSTIC  WAVEGUIDES  FOR  UNDERSEA  ACOUSTIC 
DETECTORS  AND  TRANSMITTERS 
G.  S.  Kino 

ABSTRACT 

It  is  shown  that  acoustic  fiber  waveguides  can  be  em- 
ployed in  much  the  same  manner  as  the  optical  waveguides  in  the 
FOSS  system,  but  with  much  reduced  sensitivity.  This  is  because 
of  the  longer  wavelengths  and  hence  smaller  phase  shifts  of  the 
acoustic  waveguide  modes  employed,  as  well  as  the  shorter  usable 
waveguide  lengths  (meters  rather  than  kilometers) . 

An  alternative  approach  analogous  to  the  electromagnetic 
dielectric  rod  antenna  is  suggested.  A waveguide  consisting 
either  of  a liquid  filled  pipe  or  of  a helically  coiled  rod  is 

' I 

employed.  The  waveguide  mode  is  chosen  to  have  the  same  propa- 
gation velocity  along  its  axis  as  the  acoustic  wave  in  water. 

. » 

At  the  same  time  the  coupling  of  this  mode  to  the  wave  in  the 
surrounding  water  medium  is  deliberately  chosen  to  be  very  weak. 

. 1 

Thus  full  coupling  between  the  waves  in  the  two  media  takes 
place  over  several  tens  of  wavelengths.  j 

By  this  means  an  antenna  is  formed  with  extremely  high 
directivity.  The  angular  range  of  acceptance  of  this  antenna  -• 

is  A9  = \/2Trl  where  I is  the  antenna  length  and  the  leak  rate  a 
is  chosen  so  that  ail  = 1.3. 
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The  antenna  is  in  the  form  of  a helix  or  a simple  liquid 
filled  cylinder.  It  should  therefore  have  small  drag  and  gener- 


ate a relatively  small  amount  of  noise. 
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ACOUSTIC  WAVEGUIDES  FOR  UNDERSEA  ACOUSTIC 
DETECTORS  AND  TRANSMITTERS 
G.  S.  Kino 

The  employment  of  fiber  optic  waveguides  has  been 
demonstrated  as  an  importamt  new  technique  for  detection  of 
acoustic  fluctuations  in  the  sea.  Stimulated  by  these  results 
we  began  to  examine  the  implications  of  using  an  acoustic  wave- 
guide rather  than  a fiber  optic  waveguide  as  an  acoustic  de- 
tector or  transmitter^. 

Initially  we  examined  the  direct  analogy,  the  inter- 
action of  a low  frequency  wave  in  the  water  with  a high  fre- 
quency waveguide  mode.  This  device  is  very  closely  related  also 
to  the  parametric  antennas  which  utilize  parametric  interactions 
in  water  between  high  frequency  and  low  frequency  signals.  The 


analysis  of  such  interactions  showed  that  because  the  wavelength 
of  the  acoustic  waveguide  modes  that  could  be  used  was  of  the 
order  of  100  ym  and  the  maximum  allowable  length  of  the  guide 
only  a few  meters,  the  phase  shifts  caused  by  the  received 
signals  is  decreased  by  five  orders  of  magnitude  from  that  of 
the  equivalent  optical  system.  Because  the  acoustic  waveguide 
signals  can  have  much  larger  power  than  the  equivalent  optical 
mode,  and  much  smaller  bandwidth,  some  of  the  decrease  in  sensi- 
tivity can  be  recovered.  So  even  these  devices  may  be  interest- 
ing. 


] 

.1 
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However,  we  then  began  to  realize  that  a linear  rather 
than  nonlinear  interactions  could  be  used  to  construct  antennas 


analogous  to  waveguide  or  dielectric  rod  electromagnetic  an- 
tennas with  extremely  high  sensitivity  and  outstanding  direc- 
tional characteristics.  So  we  shall  concentrate  on  this  mode 
of  operation,  and  only  briefly  consider  the  parametric  mode  of 
operation. 

We  consider  two  forms  of  acoustic  guide  to  be  used  as 
antennas.  The  first  illustrated  in  Fig.  la  consists  of  a liquid 
column  between  one  half  and  several  wavelengths  in  a diameter 
enclosed  in  a metal  or  plastic  tube  in  which  the  acoustic  ve- 
locity is  normally  much  higher  than  that  in  the  liquid.  The 
wave  in  this  guide  is  arranged  to  have  a velocity  identical  to 
the  natural  velocity  of  acoustic  waves  in  the  mediirai  outside  the 
guides  normally  the  sea.  As  the  wave  has  a slower  velocity  than 
that  in  the  hollow  enclosing  tube,  its  amplitude  falls  off  es- 
sentially exponentially  in  the  tube,  so  there  is  only  weak 
coupling  to  the  medium  outside  the  tube.  By  this  means  the 
device  behaves  like  a wedge  coupler  to  an  acoustic  surface  wave, 
and  with  the  right  choice  of  waveguide  length  approximately  80% 
of  the  power  in  the  guide  can  be  coupled  into  a wave  propagating 
in  the  axial  direction  in  the  sea. 

A second  possibility  is  to  use  a waveguide  mode  in  a 
faster  solid  medium  such  as  fused  quartz.  In  this  case  the 
solid  is  made  in  the  form  of  a rod  which  is  coiled  in  the  form 
of  a helix,  so  that  the  wave  velocity  along  its  axis  is  equal 
to  that  of  a wave  in  water. 
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The  velocity  of  sound  in  water  is  = 1.5><10®  cm/sec , 
the  velocity  of  a torsional  wave  or  symmetric  radial  mode  in  a 
quartz  waveguide  is  approximately  v^  = 3.5x10®  cm.  Suppose  now 
the  quartz  fiber  is  coiled  into  a helical  form  of  radius  a and  n 
turns  per  cm.  Let  the  angle  the  axis  of  the  fiber  makes  with  a 
place  perpendicular  to  the  axis  of  the  helix  be  ip,  as  shown  in 
Figure  lb.  Then 


2TTan  tanil;  = 1 


The  effective  velocity  of  the  guided  wave  in  the  axial  direction 
is 


so  it  follows  that 


V 


A + 4iT^a^n^ 


When  V = v^  there  will  be  a cumulative  interaction  along 
the  axial  direction  between  the  waveguide  in  the  fiber  and  that 
in  the  water  receiver  or  transmitter.  Thus  for  v = 1.5x10®  cm/ 
sec,  Vg  = 3.5x10®  cm/sec,  sini|/  = .429,  }p  = 25.38®,  tan\(j  = .474. 
So  for  a = 0.2  meters,  n = 16.7  turns/meter.  Such  guides  could 
be  used  both  as  a receiving  or  transmitting  antennas  if  excited 
in  the  mismatch  in  k at  an  angle  9 off  axis  will  be  k sin9  = k0 . 
Therefore  the  response  of  the  antenna  can  be  shown  to  vary  as 


_ sin(k2.0/2) 
kil0/2 


The  4db  points  of  this  response  cover  an  angular  range 


A 9 where 


A9  = X/2-nl 


So  for  an  antenna  length  of  5 meters  and  a wavelength  of  15  cm 
(lOkHz)  the  main  lobe  has  an  angular  spread  of  .00477  or  0.27 
degrees . 


The  antenna  itself  is  in  the  form  of  a cylinder  or  helix, 
supported  on  a cylinder  or  on  fins.  In  both  cases  the  drag  or 
noise  caused  by  dragging  the  cintenna  through  the  water  could  be 
made  very  small. 

A detailed  calculation  of  the  performance  of  this  antenna 
could  be  made.  Based  on  the  theory  worked  out  for  wedge  trans- 
ducers^, the  leak  rate  from  the  waveguide  mode  to  the  water  wave 
mode  would  be  a with 

al  - 1.3 

for  optimum  coupling  of  80%  of  the  power  from  or  to  the  wave- 
guide mode,  over  at  least  one  octave  bandwidth. 
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APPENDIX 

Comparison  of  Acoustic  and  Optical  Parametric  Detectors 
Operating  in  the  Homodyne  Mode 

If  we  consider  the  acoustic  waveguide  mode  to  have  a 
frequency  of  the  order  of  30  MHz,  the  acoustic  wavelength  would 
be  of  the  order  of  lOOym.  The  acoustoelastic  effect,  i.g.,  the 
relative  change  of  acoustic  velocity  with  pressure  applied  to 
the  guide  is  of  the  same  order  as  the  elasto  optic  effect;  both 
relative  changes  of  velocity  are  themselves  of  the  same  order 
as  the  applied  strain.  Therefore,  as  the  optical  wavelength 
employed  is  approximately  lym,  the  phase  change  per  unit  length 
due  to  applied  pressure  will  be  approximately  10“^  of  that  ob-  i 

tained  for  the  equivalent  optical  guide.  The  attenuation  at  i 

; 

( 

30  MHz  of  the  doped  quartz  used  in  these  experiments  is  approxi- 
mately l.Sdb/meter.  So  a further  reduction  in  sensitivity  would 
be  expected  because  the  fiber  lengths  that  could  be  employed 

l 

would  be  of  the  order  of  10"^  of  those  usable  in  an  optical 
detector.  Thus  the  basic  phase  change  obtained  in  an  acoustic 
device  of  this  type  is  of  the  order  of  10”®  of  that  to  be  ex- 
pected in  the  equivalent  optical  device. 

On  the  other  hand  homodyne  detection  in  an  acoustic 
device  should  be  much  more  sensitive  than  in  the  optical  device 
because  en  essentially  noiseless  narrow  band  reference  signal 
can  be  employed. 
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Consider  an  optical  system  with  an  optical  source  of 

power  P . The  current  in  the  detector  will  be  I where  I = 
o o o 

enP^/hv.  Therefore,  the  shot  noise  current  fluctuations  <i^> 
per  cycle  bandwidth  will  be 


<i^> 


2-^0 


2er^P^ 

hv 


where  n is  the  quantum  efficiency  and  v is  the  center  frequency 
of  the  light  source. 

The  shot  noise  power  delivered  into  a resistive  load 
is  therefore 

2e^nPQRQ 

Pg  = ^ per  cycle 

So  the  noise  figure  is  N = 1 + P^/kT  or 


N 


s 


1 + 


2e  e 
hv  kT 


o o 


1 


+ a 

s 


Taking  hv/e  = 1 volt,  kT/e  = .027  volt,  Pq  = 1 mV,  Rq  = 50  ohms 
we  find  that 

N =6.7  dBs 
s 

But  in  a paper  given  at  this  meeting  Yariv^  has  shown  that  the 
ratio  of  homodyne  noise  to  shot  noise  is 


v_ 

2hvB 


where  B is  the  bandwidth  of  the  optical  source.  Yariv  shows 
that  this  ratio  =2000  for  an  LED  source.  So  this  would  imply 
a noise  figure  of  approximately  38  dBs  due  to  homodyne  noise. 
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An  acoustic  source  could  easily  produce  1 watt  at  a 


frequency  of  30  MHz,  with  an  extremely  narrow  bandwidth.  So  in 
homodyne  operation  we  would  expect  to  use  a 1 meter  length  and 
lose  a factor  of  10”®  in  the  basic  phase  change.  By  using  a 
1 watt  reference  instead  of  a 1 mw  reference  the  homodyne  out- 
put would  increase  by  a factor  10®xl0”^“  = 10”^.  Now  the  noise 
figure  of  the  detection  system  should  be  near  to  0 dbs . So  the 
sensitivity  of  the  acoustic  system  would  be  70  dbs  - 38  dbs 
'^^30  dbs  worse  than  that  of  the  optical  system. 
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THE  PRESSURE  SENSITIVITY  OF  A CLAD  OPTICAL  FIBER 


B.  Budiansky,  D.  C.  Drucker,  G.  S.  Kino  and  J.  R.  Rice 

ABSTRACT 

Experiments  carried  out  by  Bucaro , et  al.  suggest  that 
an  optical  fiber  acoustic  wave  detector  coated  with  a plastic 
coating  several  times  its  diameter  exhibits  greatly  increased 
sensitivity  compared  to  an  uncoated  fiber.  In  this  paper  we 
show  that  this  effect  should  be  expected  because  when  hydro- 
static pressure  is  applied  to  the  plastic  coating,  it  contracts 
in  the  axial  direction.  As  the  area  of  the  plastic  coating  is 
much  larger  than  that  of  the  fiber,  the  fiber  tends  to  contract 
in  the  axial  direction  and  expand  in  the  radial  direction.  The 
longitudinal  strain  in  the  fiber  is  therefore  much  larger  than 
it  would  be  in  the  uncoated  fiber. 

The  calculations  which  have  been  made  lead  to  the  con- 
clusion that  with  a coating  of  a teflon-like  plastic,  the 
longitudinal  strain  in  the  fiber  is  increased  by  a factor  of 
13  leading  to  a corresponding  increase  in  the  effective  phase 
change. 
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THE  PRESSURE  SENSITIVITY  OF  A CLAD  OPTICAL  FIBER 
B.  Budiansky,  D.  C.  Drucker , G.  S.  Kino,  and  J.  R.  Rice 

INTRODUCTION 

It  was  suggested  by  experiments  of  Bucaro,  et  al. 

described  during  the  MRC  meeting  on  optical  fiber  acoustic  wave 

detectors  that  greatly  enhanced  acoustic  sensitivity  can  be 

obtained  using  a clad  optical  fiber  rather  than  an  unclad  fiber. 

In  this  paper  we  show  that  this  is  to  be  expected  because  of  the 

high  Poisson's  ratio  and  low  elastic  constant  of  the  fiber 

normally  employed.  When  a plastic  coating,  whose  diameter  is 

several  times  that  of  the  fiber  is  subjected  to  an  external 

radial  hydrostatic  pressure,  it  contracts  in  the  axial  direction 

and  expands  in  the  radial  direction.  As  the  diameter  of  the 

fiber  is  small,  the  fiber  contracts  in  the  axial  direction  along 

with  the  plastic  coating,  so  that  the  strain  e in  the  z-direction 

z 

is  basically  controlled  by  the  plastic  coating.  For  this  reason 
the  strain  in  the  fiber  is  very  much  larger  than  it  would  other- 
wise be  at  the  same  pressure  in  the  unclad  fiber  alone. 

THEORY  OF  THE  INTERACTION 


We  consider  an  isotropic  cylindrical  glass  fiber  of 


radius,  a,  clad  with  a plastic  coating  of  radius,  b,  and  write 
f = (a/b)^.  Typically,  f <<  1.  We  take  the  Young's  moduli  and 


Poisson's  ratio  of  the  glass  fiber  and  plastic  to  be  E , v , 

9 9 


and  E , v , respectively. 

tr 


For  determination  of  stresses  in  the  fiber  under  pres- 
sure loading,  we  observe  that  the  problem  is  one  of  generalized 


plane  strain  (i.e.,  the  axial  strain  e^,  which  is  the  same  for 


both  glass  and  plastic,  is  unknown).  Boundary  conditions  are 


rp 


r=b 


= -Pi 


and 


(1) 


The  latter  condition  assures  that  the  net  stress  on  the  fiber 

ends  is  -p.  In  writing  the  condition  we  have  made  use  of  the 

observation  that  the  exact  elasticity  solution  (i.e.,  the  Lame 

solution)  which  gives  spatially  uniform  a stresses  within  the 

z 

glass  and  plastic.  Two  continuity  conditions  must  be  met: 


rg 


= a 


r=a 


rp 


(3) 


r=a 


u. 


= u_ 


r=a 


(4) 


r=a 


where  u is  the  radial  displacement, 


The  solution  is  such  that  a and  a,  are  constant, 

rg  0g 


Call  their  common  value  -q: 


f ■ 

i 

PI 

% = '^eg  f • 

(5) 

From  the  Lame  solution 

P _ _ (g-p)fb^  , (qf-p) 

■'P  1-f 

(6) 

_ (q-p) fb^  (qf-p) 

V (l.f)p2,  1-f  • 

(7) 

• * 

Hence  the  value  of  a + 0,  is; 

rp  0p 

' 

°rp''‘'^0p  ^ 2 (qf-p) /(1-f) 

(8) 

Now,  both  glass  and  plastic  are  subject  to  the  same 

(unknown)  axial  strain  e : 

z 

S ’ ^ ‘“rg’^'eg’ 

= ^ ■ E^  ^‘^rp^  '^0p^ 

(9) 

Using  the  results  of  (5)  and  (8) , this  gives 


a a 2v 

= E_  n _ 

g P P 


f2v 


2fv 


g 


(10) 


I.. 


This  may  be  solved  simultaneously  with  (2)  to  give 


zg 


(l-2Vp)p  + 2 [ (1-f) v^Ep/E^  + fVplq 
f+  (l-f)Ep/Eg 


(11) 


% 

t 


Note  that  at  this  point  q remains  undetermined.  Later 
we  shall  indicate  how  it  can  be  found,  but  for  practical  cases 
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exact  knowledge  of  q is  unessential.  This  is  because  the  clad- 


ding material  and  geometry  used  is  such  that 


f <<  1, 


E /E  <<  1. 

P g 


Further,  we  expect  q to  be  of  the  same  size  as  p (indeed,  one 


anticipates  0 < q < p.  Now,  the  terms  multiplying  q in  (11)  are 


all  of  order  f or  E /E  , and  hence  small  compared  to  those  multi- 

p g 


plying  p.  Thus  a first  approximation,  which  is  especially  ac- 


curate for  the  practical  range  £ <<  1,  E /E  <<  1 is  to  neglect 

p g 


q and  hence  write 


(l-2v  )p 


f t {l-f)Ep/Eg  • 


A somewhat  improved  approximation,  which  is  accurate  to 


the  same  order  when  (12)  are  met,  but  which  gives  the  correct 


result  in  several  limiting  cases,  is  to  write  q = p.  That  is. 


"rg  = "eg  = ’P 


and,  from  (11)  , 


1-2  (1-f)  + 2 (1-f)  V E /E, 


f + (l-f)Ep/Eg 


These  formulae  for  the  stresses  in  the  glass  are  good  approxi- 


mations at  small  f and  E /E  , and  happen  also  to  give  the  exact 

p g 


results  when:  (i)  there  is  no  cladding,  f = 1;  (ii)  the  glass 


and  its  cladding  have  identical  properties,  v = v , E = E ; 

y r y tr 


and  (iii)  both  materials  are  incompressible,  v = v = 1/2 

g p 
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In  order  to  solve  exactly  for  q (which  is,  evidently, 
not  necessary  in  practical  cases)  , we  must  make  use  of  the 
continuity  condition  (4) , ignored  in  the  solution  as  thus  far 
discussed.  The  details  are  given  in  the  Appendix. 

To  obtain  the  strains  in  the  glass,  the  first  approxi- 
mation (i.e.,  Eq.  (13)  for  a and  neglecting  a and  a„  ) gives 

2g  rg  0g 

^zg  fE  + (l-f)E^ 


£ = -V  £ 

rg  g zg 


V (l-2v  )p 

g P 

fE„+  (l-f)E, 


and  these  are  accurate  when  f <<  1 and  E /E  <<  1.  At  the 

P g 

expense  of  more  complicated  expressions , a somewhat  better 
approximation  to  the  strains  is  given  by  using  the  stresses 
of  Eqs.  (14)  and  (15)  to  obtain 


l-2(l-f)v  -2fv 


fE  +(l-f)E„ 

g p 


"eg  = ^rg  = P 


,(l-2Vp)-f(l-v^-2v^Vp)-(l+v^)  (l-2v^)  (l-f)Ep/E^ 

fEg  + (l-f)Ep 


Finally,  for  the  sake  of  completeness,  we  record  fully  exact 
(usually  superfluously  so)  formula  for  the  strains  in  the  fiber; 


= 

0 


If  (l-v^)]  p 

I C.  ■ V)  — \ 

_A(1-2V^)J  _p 


2f(l-f) (l-2v  ) 


[•&- ‘I 


v 

- ) V -V  I 

fL  p gJ 
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where  8°^  is  given  by  the  zero'th  order  approximation  of 
Eq.  (16) ; and 


A=  [1+v^] [1+f (l-2v^) ] + ^ [l+v„] [l-2v^] [1-f] 
p . p y g 


Also 


(l+v„) (l-2v„) 


e =£o  =-ve  -q 
rg  9g  zg  ^ 


where  q is  given  by  Eq.  (A- 5)  of  the  Appendix. 

It  is  interesting  to  note  that  e = exactly  for 

zg  zg  ^ 

V = V . 

P g 


PHASE  DELAY  CHANGE 


The  phase  of  a wave  of  frequency  oj  propagating  in  a 


fiber  of  length  Z is 


, _ 

^ V 


Therefore  when  Z and  v are  changed 

A(j)  AJl  Av  _ ^ , An  > 

— ‘ ^zg*— 

where  n is  the  change  in  refractive  index. 

Now  consider  the  photoelastic  tensor.  For  an  isotropic 
medium  we  can  write  in  normal  tension  notation 


An . . = - 
ID 


ijkJl 


In  our  case  we  have  three  components  of  strain  present 

= Sj,  Egg  * £2  and  = e 3 in  reduced  tensor  notation.  We 

are  interested  in  An,  = An,,  and  An,  = An,,  for  the  optical 

1 11  2 22 
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wave.  So  we  require  the  components  = P1122  ^ii  ~ ^iiii" 

The  tensor  that  is  normally  measured  in  Bragg  scattering  experi- 
ments by  longitudinal  waves  is  P12'  while  for  scattering  by  a 
shear  wave  the  effective  tensor  is  p^^  = Pjjia’  Because  this  is 
a 4th  rank  tensor  of  an  isotropic  material,  it  follows  the 
analogous  properties  of  the  elastic  tensor.  So  we  can  write 


P12  = Pii  -2P 


4 4 


(23) 


Because  = £2^  it  follows  that 


-3r=e,~-^[e,(p  +p  )+ep  ] 

(|)  3 2 1^11  *^12  3^12 


f I2s(P„-P„)  *e,(p„-2p,JJ 


(24) 


(25) 


Taking  p^^  = 0.27,  p^^  = .075,  n = 1.46  for  fused  quartz 

^ = e - .42e,  - .13e, 

(J)  3 1 3 

= . 87e  3 - . 42e  ^ 

The  results  for  the  unclad  fiber  (f  = 1)  using  the 
materials  constants  of  pyrex  glass  for  the  mechanical  properties; 
E = 6.2x10^°  newtons/m^ , v =0.24  are 

Ej  = £3  = -8.4xl0“^^p 

where  p is  in  newtons/m^ . So 

^ = -3.8xl0"^2p 
()) 
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For  the  clad  fiber  with  f <<  1 or  a very  large  diameter  ratio, 

we  can  use  the  approximate  theory  with  f = 0.  Taking  E = 

P 

.076x10^®  newtons/m^ , v = 0.458  corresponding  to  polyethylene. 


we  find  that 


Ej  = -1.1x10"'“? 


e.  = .154x10"'" 


^ = -1.026x10"' ®p 


In  the  limiting  case  A(()/<1)  has  been  increased  by  a factor  of  27 
due  to  cladding.  The  value  of  A(|)/t)  has  been  calculated  from 
the  exact  solution  of  Eq.  (18)  as  a function  of  b/a.  In  Fig.  1 
we  observe  that  for  b/a  = 6,  the  value  of  A0/4)  is  increased  by 
a factor  of  8.8  over  that  of  the  unclad  fiber. 
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Figure  1.  A calculation  of  ( A(j))  clad/ Acjjunclad  as  a function  of 
b/a  for  a glass  fiber  in  plastic. 

E = 6.2x10^°  newtons/m^ , v = 0.24, 

9 9 

E = .076x10^°  newtons/m^ , v = 0.458, 

p, , = 0.27,  p..  = 0.075,  n = 0.46. 


APPENDIX 


Exact  Solution  for 


As  discussed  in  the  text,  the  continuity  condition  (4) 
must  be  imposed.  Since  = u/r,  this  can  conveniently  be  re- 
written in  the  form 


r=a  " r=a  ' 


Eg  Eg  ' rg  zg 


. (a  +0  ) 

r-a  ,®p  r=a 


or,  using  (5-7)  and  rearranging 


V a V a 
p zp  p z 

Er,  ” 

P P 


(l-f)E. 


(1+f)  + v„(l-f)  1-v, 


(l-f)E, 


Now,  using  (10)  to  eliminate  obtain 


(v„-v„)  a. 


2^  f(l.VpPU.f,l-2v£l 


Eg  (l-f)Ep"  [ (l-f)Ep  Eg  J 


which  is  a second  relation  between  o , p and  q,  complementary 

zg 

to  (11) . The  two  may  be  solved  simultaneously  and  there  results 


2(1-v2)  (V  -V  ) (1-2v„) 


(l-f)E, 


fEgH-  (l-f)Ep  J B 
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(l+v„) [1+f (l-2v„) ] 1-v  -2v  V 

E E + 2 SL-E 

E 


2(VV  [(!-£)  Vp/E^^fVp] 

fEg+  (l-f)Ep 


A simple  limit  of  this  expression, 
zero,  is 


when  E /E 

P g 


is  replaced  by 


q 


2(1-Vp) 

1 + (l-2v  ) f P 
P 


(A7 


For  V 

P 


0.458,  this  gives 


„ - 1-084  ^ 

^ “ 1 + 0.084f  P 


(A8 


and  suggests  that  the  approximation  q = p,  leading  to  Eqs . (14) 
and  (15),  is  quite  reasonable. 


THREE  DIMENSIONAL  VLSI  DEVICES 


G.  S.  Kino 


ABSTRACT 


A proposed  design  for  a three  dimensional  VLSI  device 
is  discussed.  The  purpose  is  to  obtain  a very  large  number  of 
individual  elements  without  severe  requirements  on  their  size, 
and  to  minimize  the  interconnect  problem  between  individual 
chips . 

We  propose  to  lay  down  silicon  by  vacuum  deposition 
and  laser  anneal  it,  ion  implant  in  and  form  an  LSI  circuit. 
Then  a layer  of  polyimide  will  be  deposited  on  the  Si  to  form 
a level  surface.  This  is  covered  with  a thick  Si02  layer  then 
a further  Si  layer  which  is  laser  annealed,  and  used  to  form  a 
second  LSI  circuit.  The  process  is  then  repeated  to  form  a 
multiple  layer  device. 

In  this  system,  vertical  interconnecting  bus  bars  are 
formed  by  deposition  of  metal  layers  approximately  20um  thick 
in  holes  in  the  Si02  using  a lift  off  technique  to  form  the 
200ym  x 200ym  connectors. 

Heat  dissipation  in  this  device  is  a severe  problem. 

So  it  would  not  be  expected  that  very  high  speed  devices  could 
be  made  in  this  way.  However  it  would  be  expected  that  such 
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THREE  DIMENSIONAL  VLSI  DEVICES 


G.  S.  Kino 

The  major  limitations  on  the  number  of  elements  in  LSI 
devices  are  caused  by  the  lower  limit  on  size  of  am  individual 
element,  and  by  the  interconnect  problem  both  on  the  chip  and 
between  chips.  Biological  systems  are  not  subject  to  such 
severe  limitations  because  they  are  three  dimensional  rather 
than  two  dimensional,  so  that  the  n\imber  of  individual  elements 
in  the  human  brain  is  many  orders  of  magnitude  larger  than  can 
be  envisaged  even  in  VLSI  systems.  We  suggest  that  an  effort 
should  be  made  to  construct  three  dimensional  semiconductor 
devices,  using  elements  with  a basic  size  comparable  to  that  or 
larger  than  that  employed  in  present  day  technology,  and  with- 
out trying  for  the  ultimate  in  speed  so  as  to  limit  power  dis- 
sipation. We  give  here  a "blue  skies"  design  which  we  hope  will 
provice  an  initial  conceptual  form  of  a three  dimensional  device. 

The  basic  requirement  for  such  a system  is  a technology 
for  laying  down  multiple  layers  of  semiconductors,  metal  inter- 
connecting conductors , and  insulators . In  addition  there  must 
be  provision  for  vertical  interconnections  or  bus  bars.  We 
suggest  that  the  basic  technique  should  be  to  construct  normal 
LSI  devices  laid  down,  one  on  top  of  the  other,  with  insulation 
auid  interconnecting  metal  bus  bars  between  them.  The  total 


surface  area  of  the  device  is  not  much  larger  than  in  a standard 
LSI  device,  while  its  volume  may  be  increased  mainy  times.  There- 
fore we  might  expect  there  to  be  a power  dissipation  problem. 

For  this  reason,  such  3D  devices  might  be  expected  to  be  slower 
than  VLSI  devices  and  may  require  more  elaborate  cooling  tech- 
niques, such  as  the  use  of  liquid  coolants. 


THE  SEMICONDUCTOR 

We  must  be  able  to  deposit  high  quality  semiconductor 
layers  on  amorphous  substrates.  It  would  appear  that  laser  an- 
nealing of  the  type  proposed  by  Gibbons  could,  in  the  end,  lead 
to  such  materials.  The  silicon  would  be  E beam  evaporated  onto 
an  amorphous  substrate  in  the  form  of  amorphous  silicons  and 
then  laser  annealed  to  form  a high  quality  semiconductor  layer. 


THE  OXIDES 


The  choice  of  metals  and  insulators  employed  between  the 
layers  will  dictate  to  some  extent  the  type  of  oxide  employed. 
Ideally  we  would  prefer  to  use  a thermal  oxide  of  silicon. 
However,  if  the  intermediate  layers  cannot  stand  the  temperatures 
required  and,  furthermore,  this  large  volume  device  is  sensitive 
to  thermal  cracking,  it  would  be  better  to  use  an  oxide  with  a 
lower  deposition  temperature.  Here  the  silane  process  would  seem 
to  be  appropriate . Perhaps  a further  improvement  in  oxide  quali- 
ty near  the  semiconductor  surface  would  be  obtained  by  an  initial 
thermal  oxidation  with  pulse  laser  heating  in  steam,  or  by  pulse 
laser  heating  of  the  silicon  once  the  SiO^  layer  is  formed  by 


silane  deposition. 
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THE  INSULATING  LAYERS 
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Insulating  layers  are  needed  between  the  various  semi- 
conductor layers.  These  must  have  level  surface  so  that  the 
next  semiconductor  layer  will  be  level.  Furthermore,  they  must 
be  several  microns  thick  in  order  to  limit  the  capacity  of  the 
gates  and  connecting  lines  on  the  substrate  below  them.  This 
would  imply  that  a self-leveling  liquid  which  later  solidifies 
be  used  for  the  purpose.  The  most  obvious  choice  at  the  moment 
is  probably  the  use  of  high  polymer  plastics  such  as  the  poly- 
imides  which  can  withstand  temperatures  up  to  400 “C.  These  would 
have  the  advantage  that  they  would  have  sufficient  flexibility  to 
allow  for  differences  in  themal  expansion  between  the  different 
layers  of  the  three  dimensional  device.  f] 

THE  STRUCTURE 


We  propose  a structure  of  the  type  shown  in  Fig.  1.  The 
first  semiconductor  layer  is  made  by  vacuum  depositing  poly- 
silicon on  sapphire.  This  silicon  is  then  laser  annealed,  ion 
implanted  and  so  on,  and  metal  and  polysilicon  interconnecting 
leads  are  deposited  to  make  a conventional  LSI  structure.  Pro- 
vision is  made  for  vertical  metal  bus  bars  several  hundred 
microns  in  cross-section  by  vacuum  depositing  metal  in  holes 
cut  in  the  Si02.  These  layers  are  then  built  up  by  electro- 
plating to  a thickness  of  the  order  of  20um  before  removing  and 
photoresist.  This  could  also  be  done  by  a fast  vapor  deposition 
and  use  of  a lift  off  procedure. 
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Figure  1.  (a)  Two  layers  of  a 3D  VLSI  device 

(b)  View  from  the  top 


A layer  of  polyimide  of  the  order  of  lOym  thick  is  now 
laid  down  to  provide  a flat  top  surface.  On  top  of  this  layer, 
a lOMin  layer  of  SiO  is  laid  down  by  silane  deposition  or  by 
fast  sputtering  with  a magnetron  discharge.  This  is  to  provide 
a thermal  insulation  for  the  anneal  of  the  next  silicon  layer, 
so  the  polyimide  will  not  be  affected  by  the  annealing  process. 
Another  layer  of  silicon  is  then  laid  down  upon  the  Si02  layer 
cind  the  whole  process  is  then  repeated. 

LASER  ANNEALING 

The  thermal  conductivity  of  silicon  is  approximately 
100  times  that  of  Si02  while  the  specific  heat  is  of  the  same 
order.  If  the  front  surface  of  the  Si02  is  brought  to  a tempera- 
ture T^  as  a step  f\anction,  its  back  surface  temperature  becomes 

T = T^  erfc  [ <1/2  /at/c] 

where  I is  the  thickness  of  the  Si02 , o its  thermal  conductivity, 
c its  specific  heat,  t the  time  after  application  of  the  step, 
and 

erfcC  = 1 — — [ e ^ dy 

/rf  •' 

0 

The  work  of  Gibbons  indicates  that  with  a lym  thickness 
of  Si  the  laser  beam  need  only  be  applied  for  times  of  the  order 
of  1 msec  to  obtain  annealing.  Calculations  based  on  the  model 
given  indicate  that  it  takes  only  a few  microseconds  for  the 
temperature  through  the  lym  layer  of  Si  to  become  essentially 


uniform.  So  we  suggest  that  the  solid  epitaxial  regrowth  phe- 
nomenon itself  takes  a time  of  the  order  of  1 msec  and  that  the 
temperature  rise  in  the  Si  is  basically  uniform  in  the  top  layer, 
but  only  becomes  large  enough  after  1 msec  to  allow  annealing. 

It  follows  that  because  the  specific  heat  of  the  Si02  is 
comparable  to  that  of  the  Si  its  thermal  capacity  is  ten  times 
higher,  so  that  its  temperature  cannot  reach  much  more  than  1/10 
of  that  of  the  Si  if  the  laser  is  only  incident  on  the  Si  for 
1 msec.  It  also  follows  from  the  thermal  diffusion  analysis 
that,  in  fact,  the  temperature  of  the  Si02  rises  relatively 
slowly  at  its  back  surface  because  the  thermal  conductivity  of 
the  Si02  is  so  poor.  Hence,  it  would  appear  to  be  reasonable  to 
assume  that  the  polyimide  layer  will  not  be  affected  by  the 
annealing  process. 

THERMAL  PROPERTIES  OF  THE  3D  DEVICE 

The  device  itself  has  intermediate  layers  of  Si02  and 
polyimide  with  poor  thermal  conductivity.  However,  these  layers 
are  only  lOym  thick,  while  normal  semiconductor  substrates  are 
normally  SOOym  thick.  We  might  therefore  assume  that  the  ther- 
mal properties  of  even  a multiple  layer  device  will  not  be  too 
drastically  affected  by  these  intermediate  layers.  On  the  other 
hand,  the  packing  density  of  the  devices  is  now  very  large.  So 
we  would  expect  that  even  with  liquid  cooling,  only  relatively 
low  speed  devices  could  be  constructed.  However,  such  devices 
could  be  useful  for  large  scale  memories  as  well  as  for  lower 
speed  logic  operations. 
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A PROPOSED  TECHNIQUE  FOR  MEASUREMENTS  OF  IMMINENT 
FAILURES  IN  CERAMIC  TURBINES  IN  OPERATION 
G.  S.  Kino 

During  operation  ceramic  turbines  are  rotating  at  60,000 
rpm.  When  faults  develop,  the  blades  shatter  and  it  is  very 
difficult  to  obtain  any  useful  information  on  the  cause  of  the^ 
problem.  We  suggest  here  a simple  optical  technique  for  observ- 
ing the  development  of  flaws  while  the  system  is  in  operation. 

The  ceramic  parts  are  normally  operating  at  high  temper- 
ature, so  they  are  emitting  visible  light.  Normally  under  such 
conditions,  because  of  the  change  in  heat  distribution  around  a 
crack,  surface  cracks  in  a hot  ceramic  can  be  clearly  seen.  We 
therefore  suggest  the  use  of  a high  speed  moving  mirror  streak 
camera  for  observation  of  the  blades  and  rotor  in  the  turbine, 
as  well  as  the  use  of  simpler  photography  for  observation  of  the 
fixed  parts  of  the  structure. 

The  engine  housing  is,  of  course,  not  normally  trans- 
parent. However,  it  should  be  possible  to  use  small  sapphire 
windows  let  into  the  housing  to  carry  out  the  observations. 
Suppose  we  require  a definition  of  d^  = SOym  from  a distance 

Z = 3cm.  The  diameter  D of  the  aperture  required  is  then  given 

z X 

by  the  relation  d = -=-  . For  A = O.Sym,  Z = 3xl0‘*ym,  d = SOym, 

S w s 


D 


3xl0‘*x5xl0-^ 

50 


= 300um.  So  the  window  required  in  the  housing 


would  only  be  of  the  order  of  Imm.  By  scanning  with  a moving 
mirror  one  could  hope  to  observe  a region  of  the  order  of  3cm 
square.  However,  with  a larger  window  the  problem  of  observation 
would  become  far  simpler. 
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COVALENT  BONDED  MATERIALS 


R.  L.  Coble 

The  recent  emphasis  on  sintering  and  hot  pressing  of 
covalent  materials  (silicon  carbide,  silicon  nitride,  sialons) 
and  the  development  of  high  density  products  from  each  has 
given  a self-consistent  rationale  for  the  processing  require- 
ments in  these  systems.  First,  that  a coarsening  inhibitor 
must  be  present.  Secondly,  a sintering  aid  must  be  present. 

The  properties  of  elemental  silicon  or  germanium  show 
one  feature  that  distinguishes  these  from  ionic  solids:  the 
lattice  diffusion  coefficients  are  very  low  at  temperatures 
just  below  their  melting  temperatures  (10~*^  cm^/sec)  for 
germanium  and  that  the  relative  vapor  pressures  are  high  in 
comparison  to  metals  or  ionic  materials.  Thus  neck  growth  and 
coarsening  by  vapor  transport  is  reasonable  to  expect  in  these 
relative  to  lattice  transport  which  could  produce  densif ication . 
Similarly,  control  of  the  oxygen  pressure  in  order  to  suppress 
vapor  transport  (through  SiO)  for  the  silicon  containing  ceramic 
is  readily  understandable.  In  the  absence  of  data  on  boundary 
diffusion  the  requirement  that  sintering  aids  be  included  can 
also  be  accepted  on  the  basis  of  the  low  lattice  diffusion  coef- 
ficients. More  basic  data  are  needed  on  the  influences  of 
dopants  on  all  of  the  fundamental  parameters:  surface  energies, 
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grain  boundary  energies,  interfacial  energies  as  well  as  on  the 
transport  coefficients,  surface  reaction  coefficients  and  modifi- 
cations in  the  vapor  pressures. 

For  ionic  materials  the  general  status  is:  they  are 
readily  sinterable  if  a suitable  small  particle  size  is  utilized, 
if  agglomeration  is  avoided  and  a grain  growth  inhibitor  to 
suppress  discontinuous  grain  growth  is  included.  We  have  no 
rationale  to  understand  the  selection  of  suitable  dopaints . A 
systematic  study  of  the  influence  of  dopants  on  grain  boundary 
diffusion  and  on  the  rates  of  grain  growth  provide  the  best  basis 
to  advamce  our  understanding  in  this  area  while  serving  technology 
requirements  as  well. 
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DESIGN  OF  HIGH  CURRENT  BRUSHES 
J.  L.  Margrave 

The  design  parameters  for  high-current  brushes  materials 
include  high  electrical  conductivity,  stability  at  elevated  tem- 
peratures, low  frictional  coefficient  and  wear  rate,  mechanical 
strength  and  fatigue  resistance,  oxidation  resistance,  and 
various  other  surface  properties.  Among  the  prototype  brushes 
recently  prepared  and  studied  at  Westinghouse ^ are  silver-graphite 
brushes  of  various  compositions  (55-85  weight  per  cent  Ag) ; copper- 
graphite  brushes  of  various  compositions  (55-85  weight  per  cent 
Cu)  and  metal-coated  carbon  fiber  brushes  (Ag-Ni  and  Cu-Ag-Ni 
coatings  on  graphite  fibers)  metal-coated  powders  of  pleophilic 
and  phoshate-impregnated  graphites  were  studied  as  well  as  with 
dicholconide  additives  (M0S2  or  NbSe2)  to  see  if  brush  performance 
was  enhanced. 

Also,  brush  operations  were  studied  in  moist  and  dry  CO2 ; 
in  moist  and  dry  helium  or  argon;  in  moist  and  dry  nitrogen;  and 
in  CO2  or  He  or  Ar  or  N2  atmospheres  to  which  small  amounts  of 
hydrocarbon  vapors  have  been  added,  these  gases  are  intended  to 
transport  airborne  brush  debris  out  of  the  brush-rotor  interface 
and  thus,  to  minimize  wear  and  prevent  short  circuits,  as  well  as 
to  minimize  arcing  and  electrical  erosion. 


It  would  appear  that  further  improvements  of  the  perfor- 
mance of  high  current  brushes  could  be  achieved  by; 

(1)  Operation  in  an  SFg -atmosphere  to  suppress  arcing. 

(2)  Use  of  fluorocoated  fibers  to  provide  self-lubrication 
by  "CFX”  as  well  as  enhanced  metal-graphite  bonding. 

(3)  Use  of  fluorocoated  graphite  powders  in  the  sintered 
metal-graphite  composites  to  provide  self-lubrication 
as  well  as  enhanced  metal-graphite  binding. 

The  introduction  of  fluorinated  graphite,  "CFX"  would  take 
advantage  of  the  well-known  thermal  stability  and  lubricant  prop- 
erties of  this  material^  while  improving  the  metal-fiber  or  metal- 
powder  surface  interactions  and  minimally  affecting  the  conduc- 
tivity. Another  advantage  of  CFX-additives  over  M0S2  additives 
in  practical  service  is  the  decomposition  of  CFX  to  form  C (or 
CO2)  + CF^  which  are  stable  and  non-corrosive  even  in  humid  atmos- 
pheres . 
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A CHEMICAL  INTERPRETATION 


OF  THE  EFFECT  OF  OXYGEN  ADDITIONS  TO  CF^  IN  PLASMA-ETCHING 
OF  SILICON,  SILICON  OXIDES  OR  SILICON  NITRIDES 

J.  L.  Margrave 


i 
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It  has  been  unequivocally  established  that  etch  rates  of 
silicon,  silicon  dioxide  or  silicon  nitride  in  an  RF-plasma  con- 
taining CF^  are  greatly  enhanced  by  the  addition  of  O2  in  small 
percentages.  ^ ^ ^ ® Actually,  the  enhancement  is  found  with 
increasing  oxygen  partial  pressure  up  to  a point,  and  then  the 
rate  decreases. 

Previous  experiments  have  utilized  microbalance  weight 
loss  measurements,  visible  and  near  ultraviolet  spectroscopy, 
Auger  spectroscopy,  ESCA  and  mass  spectroscopy  of  the  effluent 
gases  in  efforts  to  understand  and  interpret  the  mechanism  of 
plasma  etching.®  A combination  of  ion  bombardment  processes, 
ion-molecule  reactions  and  neutral  atom-molecule  reactions  is 
required  to  explain  how  plasma  etch  rates  can  be  reduced  or  en- 
hanced by  factors  of  10  or  more  by  the  use  of  additives  like  H2, 
CH^F,  H2O  or  €>2' 

An  argument  which  fits  currently  available  data  states 
that  hydrogen-containing  additives  will  suppress  etch  rates  by 
reducing  the  concentrations  of  reactive  F-atoms  or  F2  through 
formation  of  the  very  stable  HF -molecule.  In  contrast,  etch 


t 
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rates  for  CF^/O^  mixtures  are  greatly  enhanced  because  of  the 
possibility  of  forming  the  very  stable  bonds  in  CO  and/or  CO2 
and  leaving  the  fluorine  to  form  COF2  or  some  other  reactive 
intermediate  like  triplet  CF2  or  even  negative  ions  like  F-,  ^2~' 
or  CF2-. 

Current  literature  strongly  invokes  COF2  (or  COF)  as  the 
reactive  oxyfluoride  species,  mainly  on  the  basis  of  mass  spectro- 
metric  studies^'®  which  showed  mass  66  (COF2)  and  mass  47  (COF) 
in  direct  scunpling  of  CF^/02  plasmas  operated  in  an  AI2O2  tube 
to  eliminate  any  possible  source  of  the  coincident  mass  species 
SiF2  (mass  66)  and  SiF  (mass  47) . Transport  of  active  fluorin- 
ating  species  for  distances  of  10-25  cm  has  been  observed  and 
attributed  to  COF2 . CF2  is  ignored  on  the  basis  of  an  early  re- 
port of  a short  lifetime  in  a CF^-discharge . ’ Actually,  an 
appreciable  steady-state  concentration  of  CF2  can  be  built  up 
and  optical  spectra  of  CF2  from  such  plasmas  have  been  recorded.^ 
It  is  somewhat  inconsistent  for  COF2  to  play  a major  role  as  the 
fluorinating  agent  in  such  plasmas  when  its  thermal  decomposition 
occurs  at  relatively  low  temperatures.® 

Even  if  COF  and  COF2  account  for  mass  spectral  peaks  at 
masses  47  and  66  from  CF^/02  plasmas,  it  is  certain  that  SiF  and 
SiF2  are  formed  in  appreciable  quantities  when  the  fluorinating 
etchant  reaction  occurs.  The  argiaments  that  were  used  to  elimin- 
ate SiF/SiF2  as  plasma  species  when  an  RF-plasma  is  formed  from 
CF^/02  in  the  presence  of  Si  or  Si02  have  ignored  the  extensive 
mass  spectrometric  studies  of  the  2SiF  t-  SiF2  + Si  equilibrium.® 


Furthermore,  the  reports  of  Si2Fg  and  C2Fg  as  products  in  the 
effluent  gases  are  best  explained  by  the  insertion  reactions.^® 
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SiF2  + SiF^  = Si2Fg  CF2  + CF4  = C2Fg 


In  summary,  divalent  fluorides  or  silicon  and  carbon  are 
undoubtedly  generated  in  CF^/02/SiF^  plasmas  and  these  "carbenes" 
are  known  to  be  stable  and  long-lived.’'^  For  example,  SiF2(g) 
has  a half-life  of  several  minutes  in  SiF2/SiF^  mixtures  at 
pressures  of  10-20  torr.®  Gaseous  dimers  (SiF^)  are  not  known 
but  low-temperature  condensates  contain  paramagnetic  diradical 
species : 


•Si-(SiF_)^-Si* 
F 2 m p 


At  elevated  temperatures,  the  SiF2  molecule  either  reacts  with 
©2  to  form  SiOF2  and  similar  species  or  disproportionates : 

2SiF2(gas)  = Si (Solid)  + SiF^(gas). 

The  CF2-analog  can  form  stable  polymers,  but  also  these  species 
undergo  thermal  disproportionation  and/or  oxidation. 
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EXTENSION  OF  FIBER  SENSOR  RESPONSE  TO  EXTREMELY  HIGH  FREQUENCIES 

H.  Winsor 


ABSTRACT 

Fiber  sensors  are  not  limited  to  sensing  signals  whose 
period  is  large  compared  to  the  transit  time  of  the  signal 
through  the  fiber.  Simple  geometry  variations  suffice  to  extend 
their  frequency  response  to  arbitrarily  high  frequencies.  These 
geometries  are  not  likely  to  be  important  for  some  time. 


EXTENSION  OF  FIBER  SENSOR  RESPONSE  TO  EXTREMELY  HIGH  FREQUENCIES 
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The  effects  of  the  finite  velocity  of  light  on  the 
frequency  range  over  which  a fiber  optic  acoustic  sensor  can  be 
used  was  modelled  in  one  of  the  viewgraphs  presented  in  the  FOSS 
briefing.  The  conclusion  drawn  was  that  the  time  for  the  light 
to  pass  through  the  fiber  must  be  less  than  the  period  of  the 
acoustic  wave  detected.  It  was  also  stated  that  the  active 
length  of  the  fiber  sensor  must  be  contained  within  a distance 
small  with  respect  to  an  acoustic  wavelength  in  order  to  be 
simultaneously  insonified  by  the  peak  amplitude  of  the  wave. 

The  simple  combination  of  these  two  effects  leads  to  placing 
restrictions  on  the  size  and  length  of  fiber  optic  sensors  which 
are  too  restrictive.  A considerably  wider  range  of  geometries 
is  available  as  discussed  below. 

Consider  first  a straight  fiber  of  length  I as  shown  in 
Figure  1.  Sound  is  incidental  from  a direction  normal  to  the 
fiber.  The  acoustic  amplitude  is  seen  by  a short  pulse  of  light 
started  at  one  end  of  the  fiber  at  t = 0.  The  complex  amplitude 
of  the  acoustic  wave  is  A = A^e  rpj^g  acoustic  pressure  at 

any  time,  t,  is  the  real  part  of  A.  The  position  of  the  pulse 
of  light  at  time  t is  0)  where  n is  the  index  of  refraction. 
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Lines  of  constant 
acoustic  phase 
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At  this  position,  the  phase  of  the  acoustic  wave  is  oi.t  = w,  — . 

A A O 


For  normal  incidence,  we  can  see  that  a length  of  fiber  given  by 


2Trc 


'2Tr 


a)^n 


(1) 


will  cause  the  light  pulse  to  sample  an  entire  cycle  of  the 
acoustic  wave.  If  the  fiber  is  now  tilted  an  amount  5 with 
respect  to  the  acoustic  wavefront,  the  position  of  the  light 
pulse  at  time  t is  given  by 


(x,y)  = {^tcos6,  ^tsin6)  . 
n n 


(2) 


The  complex  amplitude  at  this  point  is  given  by 


A = A e 
o 


. (i),nJl 

-1  A 


^iwj^  Z sin  5 


(3) 


where  il  = / x^+y^  = ^ and  s is  the  speed  of  soimd  in  the 


n 


insonifying  medium. 

If  the  terms  in  the  complex  exponentials  cancel,  the 
traveling  light  pulse  will  see  constant  acoustic  phase. 

“sin  6 i 


= w. 


(4) 


or 


— = sin  6 
c 


(5) 


This  implies  that  the  fiber  will  retain  optimum  sensitivity  for 
higher  frequency  waves  only  if  they  arrive  from  a distance  <5 
off  the  normal  direction  of  the  fiber.  The  spatial  sense  of  the 
deviation  in  angle  cf  arrival  (6)  must  be  as  shown  in  Fig.  1, 
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since  the  sound  wavefront  and  the  light  pulse  must  travel  along 
the  optical  fiber  in  the  same  direction. 

To  find  the  acoustic  frequencies  for  which  this  effect 
is  significant,  we  back  substitute  in  Eq.  (1)  for  = lOm-lO^m 
as  in  practical  fiber  sensors. 


0) 


A 


2ttc 

^211" 


12x10^  km/sec 
.01  km 


120  MHz 


12x10^  km/sec 
1 km 


1.2  MHz 


If  co^  exceeds  about  1/10  of  these  frequencies,  a substantial 
fraction  of  the  light  will  start  to  see  a lower  than  maximum 
pressure  amplitude. 

These  frequencies  are  clearly  in  the  active  sonar  fre- 
quency range  for  all  currently  practical  fiber  lengths.  The 
angle  6 is  independent  of  and  is  about  7.5  urad  for  silica 
fiber  in  water.  The  same  mechanism  can  be  used  to  tailor  the 
response  of  helical  fiber  sensor  geometries  to  high  frequenices 
arriving  from  a direction  along  the  axis  of  the  helix.  The 
pitch  (P)  of  the  helix  will  be 


P 

irD 


(-)7T 

n 


= 2.2x10 


- 6 


where  D is  the  diameter  of  the  helix. 

These  corrections  are  not  likely  to  be  of  importance  for 


the  fiber  optic  hydrophone  application,  but  they  may  well  be 
worth  considering  if  acoustic  waveguide  effects  such  as  G.  Kino* 


has  suggested  are  ever  used.  The  pitch  to  diameter  ratio  for 
acoustic  waveguides  is  about  1 as  the  speed  of  sound  in  the 
fiber  is  given  by 


If  fiber  sensors  are  used  for  receiving  electromagnetic  radiation, 
the  speed  of  light  in  the  fiber  is  slower  than  the  speed  of  light 
in  free  space,  and  the  effect  can  be  used  only  by  immersing  the 
fiber  in  a higher  index  material.  Sensitivity  variations,  intro- 
duced by  spatially  modulating  the  coating  or  field  strength,  are 
more  likely  to  be  useful  in  such  cases. 
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FIRST  PRINCIPLES  BAND  THEORETIC  AND  PAIR  POTENTIAL 
CALCULATIONS  OF  THEORETICAL  TENSILE  STRESS 
H.  Ehrenreich 

ABSTRACT 

Two  ab  initio  calculations  of  the  theoretical  tensile 
strength  of  an  ideal  crystalline  metal  (fee  Cu)  done  in  collabor- 
ation with  A.  E.  Carlsson,  E.  Esposito,  and  D.  C.  Gelatt  (Harvard 
University)  are  presented.  The  first  employs  a full  band- 
theoretic  approach  to  compute  the  cohesive  energy  as  a function 
of  uniaxial  lattice  deformation.  The  second  uses  a new,  non- 
empirical  pair  potential  (p  that  can  be  expressed  formally  in 
terms  of  the  cohesive  energy  E and  can  be  evaluated  if  E as  a 
function  of  the  interatomic  distance  r^  is  known.  No  experi- 
mental inputs  are  required.  In  the  present  case  the  necessary 
information  is  obtained  from  self-consistent  first-principles 
band  calculations  for  Cu.  The  stress-strain  curves  obtained 
using  these  two  approaches  are  in  fair  agreement.  The  cor- 
responding theoretical  strengths  differ  by  about  35%,  but  both 
are  consistent  with  available  measurements.  Computed  elastic 
constants  are  in  satisfactory  agreement  with  experiment  in  both 


cases . 


AS  TECHNOLOGIES  APPROACH  THEIR  LIMIT 


E.  W.  Montroll 

ABSTRACT 

As  technologies  approach  their  limits , increased  operat- 
ing costs,  increased  manufacturing  costs,  increased  development 
costs,  and  increased  failure  rates  are  experienced.  A quali- 
tative analysis  is  presented  on  a diverse  set  of  technologies 
ranging  from  naval  architecture  to  accelerated  design  in  computer 
construction. 

An  elementary  mathematical  model  is  presented  to  summar- 
ize the  data. 
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THE  RELATION  BETWEEN  IMAGING,  TOMOGRAPHY 
AND  FAR  FIELD  INVERSION  TECHNIQUES 
G.  S.  Kino 

ABSTRACT 

We  have  analyzed  the  relation  between  the  inversion 
techniques  used  in  the  NDE  field  by  Bleistein  and  others, 
acoustic  imaging  and  tomographic  techniques  of  the  type  used  in 
the  medical  field.  By  using  as  an  example  the  two-dimensional 
system  consisting  of  a line  reflector,  it  is  shown  that  imaging 
with  a narrow  band  signal  is  equivalent  to  the  Bleistein  method 
taken  over  a very  narrow  range  of  k.  Imaging  with  pulsed 
signals  is  equivalent  to  a reconstruction  with  Fourier  transform 
techniques,  but  weighting  the  integrals.  This  type  of  recon- 
struction turns  out  to  be  entirely  equivalent  to  filtered  back 
projection  tomography. 

By  following  these  close  analogues  it  is  possible  to 
make  use  of  results  obtained  by  any  one  of  these  methods.  For 
instance,  imaging  theory  leads  to  conclusions  about  the  use  of 
narrow  apertures  auid  a finite  number  of  sample  points.  The 
Bleistein  results  lead  to  conclusions  on  what  information  is 
contained  in  the  image  in  the  low  frequency  limit.  Similarly, 
the  use  of  the  mathematical  methods  developed  for  tomography 
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lead  to  methods  for  optimizing  the  pulse  shape  employed  in  an 
imaging  system. 

At  the  same  time  we  have  classified  the  reconstruction 
and  imaging  techniques.  For  instance,  a synthetic  aperture 
system  which  uses  one  element  of  an  array  as  a transmitter  and 
receiver  in  turn  is  equivalent  to  a bistatic  reconstruction. 

This  gives  a transverse  definition  twice  as  good  as  that  of  a 
system  which  uses  a separate  transmitter  whose  position  is  fixed. 
Again,  CW  systems,  such  as  holographic  systems,  give  good  trans- 
verse definition  but  poor  range  definition.  But  short  pulse 
systems  or  wideband  reconstruction  systems  addressing  the  field 
of  view  from  only  one  angle  give  good  range  definition  and  poor 
transverse  definition. 
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